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Abstract. — A class of pseudodifferential operators on the Heisenberg group is defined. 
As it sfiould be, tliis class is an algebra containing the class of differential operators. Fur- 
thermore, those pseudodifferential operators act continuously on Sobolev spaces and the loss 
of derivatives may be controled by the order of the operator. Although a large number of 
works have been devoted in the past to the construction and the study of algebras of variable- 
coefficient operators, including some very interesting works on the Heisenberg group, our ap- 
proach is different, and in particular puts into light microlocal directions and completes, with 
the Littlewood-Paley theory developed in [7] and [5], a microlocal analysis of the Heisenberg 
group. 

Resume. Nous definissons une classe d'operateurs pseudo-differentiels sur le groupe de 
Heisenberg. Comme il se doit, cette classe constitue une algebre contenant les operateurs 
differentiels. De plus, ces operateurs pseudo-differentiels sont continus sur les espaces de 
Sobolev et I'on pent controler la perte de derivee par leur ordre. Si un grand nombre de travaux 
out ete deja consacres a la construction et a I'etude d'algebres d'operateurs a coefficients 
variables, y compris des travaux tres interessants sur le groupe de Heisenberg, notre approche 
est differente et en particulier elle conduit a la notion de direction microlocale, et complete 
I'elaboration d'une analyse microlocale sur le groupe de Heisenberg commencee dans [7] et [5] 
par le developpement d'une theorie de Littlewood-Paley. 
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CHAPTER 1 



INTRODUCTION AND MAIN RESULTS 



1.1. Introduction 

1.1.1. The Heisenberg group. — The Heisenberg group is obtained by constructing the 
group of unitary operators on L^(M") generated by the n-dimensional group of translations 
and the n-dimensional group of multiplications (see for instance the book by M. Taylor [63]). 
It is an unimodular, nilpotent Lie group whose Haar measure coincides with the Lebesgue 
measure, and its remarkable feature is that its representation theory is rich as well as simple in 
structure. It is actually the first locally compact group whose infinite-dimensional, irreducible 
representations were classified (see [24]). It can be identified with a subgroup of the group 
of {n + 2) X {n + 2) real matrices with I's on the diagonal and O's below the diagonal. 

It has a dual nature, in the sense that it may be realized as the boundary of the unit ball in 
several complex variables (thus extending to several complex variables the role played by the 
upper half plane and the Hilbert transform on its boundary) as well as being closely tied to 
quantum theory (via the Heisenberg commutators). We refer to the book by E. Stein [62], 
Chapter XII, for a comprehensive presentation of that duality. 

Harmonic analysis on the Heisenberg group is a subject of constant interest, due on the one 
hand to its rich structure (though simple compared to other noncommutative Lie groups), and 
on the other hand to its importance in various areas of mathematics, from Partial Differential 
Equations (see among others [7], [13], [17] [36], [37], [53], [54], [69], [70]) to Geometry 
(see [2], [20], [38], [56]) or Number Theory (see for instance [51], [65]). Many research 
articles and monographs have been devoted to harmonic analysis on the Heisenberg group, 
and we shall give plenty of references as we go along. 



1.1.2. Microlocal analysis on M". — Microlocal analysis in the euclidian space appeared 
in the early seventies ([60]- [61]), and has at its foundation the theory of pseudodifferential 
operators. The main idea of microlocal analysis is to study a function simultaneously in the 
space variables of the physical space and in the Fourier variables. Indeed, some phenomenon 
need both analysis to be correctly understood. As an example, let us consider the obstuctions 

to the convergence to zero in L^(M ) of two sequences, one of the form Un = h~ ' (j) { — ; ) 

\ hn J 
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/ X ■ ^o\ 
and the other of the form Vn = exp I i—- — I (j){x) where /i„ — )■ and </> is in the Schwartz 

class for example. Of course, the point xq is a point of concentration in the space variables 
for the sequence u„ and as such, a point of obstruction to strong convergence to zero of the 
sequence. Similarly the oscillations in the direction ^o correspond to concentration in Fourier 
variables for the sequence Vn, and they are also an obstruction to the strong convergence of 
the sequence. 

With this point of view, it appears crucial to be able to use localization operators in space 
variables anc? in frequencies: the latter are Fourier multipliers. The theory of pseudodifferential 
operators provides a framework in which both points of view are unified: multiplication 
operators and Fourier multipliers are indeed pseudodifferential operators. More precisely, a 
pseudodifferential operator is defined by its symbol which is a function on the phase space: 
the symbol of the operator of multiplication by 4>{x) is the function (x,^) i— t- (f>{x) and the 
symbol of the Fourier multiplier x(-^) is the function (x,^) i— )■ x(0- 

With pseudodifferential operators comes the concept of properties which hold microlocally. 
A function / satisfies a property (P) locally if for any cut-off function Xi the function xf 
satisfies (-P); similarly, replacing the function x by a pseudodifferential operator with symbol 
supported in a given subset O of the phase-space, one gets a property satisfied microlocally 
in Q.. This notion allows a closer perception of the singularities of a function: in the 70's was 
developed the notion of wave front (analytic, C°^ etc.). The idea is to associate with a given 
function / a region of the phase space where, microlocally, / is analytic or C°^, etc. This 
region is by definition the complement of the wave front set. 

One should notice that the phase space corresponds to the space of positions-impulsions of 
Quantum Mechanics, and thus enjoys nice geometric properties. It can be understood as the 
cotangent space to M (or to a submanifold if one works on a manifold) and is a symplectic 
space once endowed with the appropriate symplectic form. This geometric aspect has been 
used successfully in numerous works and is one of the satisfying aspects of microfocal analysis 
(see for example the development of microlocal defect measures, semi-classical measures and 
Wigner measures as in [41] and [42] for example). 

Microlocal analysis allowed for a very general study and classification of linear Partial Dif- 
ferential Equations with variable coefficients, using for example Littlewood-Paley operators 
which select a range of frequencies; such operators are pseudodifferential operators. In the 
case of nonlinear Partial Differential Equations, the situation is of course much more compli- 
cated, but paradifferential calculus ([14]) turned out to be a very powerful tool, for instance 
to analyze the propagation of singularities of solutions to such equations, or to study the 
associate Cauchy problem (see for instance [3] , in the case of quasilinear wave equations) . 



1.1.3. Microlocal analysis on the Heisenberg group. — The development of microlo- 
cal tools adapted to the geometric situation at hand is an important issue: we refer for instance 
to the work of S. Klainerman and I. Rodnianski [48] in the case of the Einstein equation, where 
the construction of an adapted Littlewood-Paley theory is a crucial tool to reach optimal reg- 
ularity indexes for the initial data. Microlocal theory on R" easily passes to submanifolds. 
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Other constructions have been performed on the torus, or more general compact Lie groups 
(see for instance [59]). 

A number of articles can be found in the literature, which develop a pseudodifferential calculus 
on the Heisenberg group. For example, in [62], [63], this question is investigated through the 
angle of the Weyl correspondence (see also the previous work [44]): as recalled above, that 
correspondence is one of the rich features of the Heisenberg group, and is thoroughly developed 
in those references. The important work [40] consists in constructing an analytic calculus 
enabling one to obtain parametrices for a class of operators which are analytic hypoelliptic; 
we also refer to [52] and [9] as well as [19] where a parametrix is constructed for sum-of- 
squares type operators. One also must mention the series of papers by P. Greiner and his 
coauthors (see for instance [10], [39] and [43] and and the references therein) in which in 
particular symbols of left-invariant vector fields are constructed, from the point of view of 
Laguerre calculus as well as using the Hermite basis and the recent works [26]- [28], where 
a symbolic calculus on the Heisenberg group is developped, related to contact manifolds. 
Finally, we refer to the work [23] where is constructed a pseudodifferential calculus based on 
Hormander calculus, using exclusively the convolution rather than the Fourier transform. 

Our approach here is not quite of the same nature as in the works refered to above, as we 
aim at defining an algebra of operators on functions defined on the Heisenberg group, which 
contains differential operators and Fourier multipliers, and which has a structure close to 
that of pseudodifferential operators in the Euclidian space. The difficulty in this approach 
is that there is no simple notion of symbols as functions on the Heisenberg group EI , since 
the Fourier transform is a family of operators on Hilbert spaces depending on a real-valued 
parameter A. Those operators are built using the so-called Bargmann representation, or the 
Schrodinger representation (obtained from the previous one by intertwining operators). One 
can easily check that what may appear as the symbol associated with a left-invariant vector 
field is itself a family of operators. This family reads in the Schrodinger representation of H 
as a family of differential operators belonging to a class of operators of order 1 for the Weyl- 
Hormander calculus (see [46]) of the harmonic oscillator. That basic observation is the heart 
of the matter achieved in this paper. Let us point out that in fact symbols on the Heisenberg 
group cannot depend only on the harmonic oscillator, and this has to do with the dependence 
on the parameter A. This induces a number of technical problems that are dealt with by 
introducing also a specific calculus in the A direction. 

A symbol on the Heisenberg group is thus a function on EI valued in the space of families of 
symbols of the Weyl-Hormander class associated to the harmonic oscillator, indexed by the 
parameter A. Then, to this symbol, one associates a pseudodifferential operator as is usually 
done by use of the inverse Fourier transform as well as the family of Weyl-quantized operators 
associated with the symbol. 

Once those pseudodifferential operators have been defined, we first prove that they are oper- 
ators on the Schwartz class, which results from classical Fourier analysis on the Heisenberg 
group. We then prove that the adjoint of a pseudodifferential operator and the composition 
of two pseudodifferential operators are also pseudodifferential operators. Our arguments here 
are deeply inspired by the analysis of the classical case as developped for instance in the book 
of S. Alinhac and P. Gerard [1]. We analyze first the link between the kernel of a pseudo- 
differential operator and its symbol, using the Fourier transform and its inverse. Then, it is 
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possible to compute the function which could be the symbol of the adjoint of a pseudodiffer- 
ential operator or of the composition of two pseudodifferential operators and to prove that it 
actually is a symbol. This comes from the careful analysis of oscillatory integrals. We also 
give asymptotic formula for the symbol of the adjoint or of the composition. These formulas 
result from a Taylor formula in the spirit of what is done in the Euclidian space but adapted 
to the case of the Heisenberg group; in particular, we crucially use functional calculus. The 
specific feature of these asymptotic formula is that there is no gain on the Heisenberg group: 
the commutator of two horizontal vector fields is a derivation. 

We also study the action of pseudodifferential operators on Sobolev spaces. We prove in 
particular that zero order operators are bounded on L^(E[ ) and more generally a pseudod- 
ifferential operator is continuous from one Sobolev space to another, the link between the 
regularity exponents of the Sobolev spaces being controled by the order of the symbol. The 
arguments of this proof are inspired by the Euclidian proof of R. Coifman and Y. Meyer [22] 
whose approach consists mainly in decomposing the symbol of the pseudodifferential operator 
on M" (which is a function on the phase space T* M") into a convergent series of reduced sym- 
bols for which the continuity is a consequence of paradifferential calculus of J.-M. Bony [14]. 
The main interest of this approach is that it requires little regularity on the symbol and that 
it can be carried out when the pseudodifferential calculus has no gain, which is the case in our 
situation. Roughly speaking, the proof of R. Coifman and Y. Meyer is done in three steps. 
In the first step, a symbol is decomposed using a dyadic partition of unity. This reduces the 
problem to the study of symbols compactly supported in the frequency variable. Next, using 
a Fourier series expansion, the symbol is expressed as a sum of reduced symbols which are 
much easier to deal with. Finally, taking advantage of the Littlewood-Paley decomposition 
on M", the continuity on Sobolev spaces of the associate operator is established. To adapt 
that method to the setting of the Heisenberg group EI , we begin by decomposing the symbol 
associated with a given operator (defined as explained above via the Weyl-Hormander calculus 
of the harmonic oscillator), using a suitable dyadic partition of unity. Then, we use Fourier se- 
ries to write the symbol as a convergent series of reduced symbols. But, in contrast to the M" 
setting, the reduced symbols in that case cannot be treated as a sum of Littlewood-Paley 
operators on the Heisenberg group. To overcome this difficulty, we use Mehler's formula to 
prove that these operators can be related in some sense to the reduced symbols obtained in 
the M" case. This allows us to finish the proof in more or less the same way as in the M" case, 
up to the fact that an additionnal microlocalization is needed because the spectral parameter 
is made of two different variables - as pointed out above, this is due to the special structure 
of the Heisenberg group. 

This paper completes, with the Littlewood-Paley theory developed in [7] and [5], a microlocal 
analysis of the Heisenberg group. It calls for developments : a significant application would 
be the generalization of the concept of wave front set to the setting of the Heisenberg group, 
in order to obtain results related to the propagation of singularities as in [67] for instance. 
One can also expect a construction of parametrices, as well as the development of a notion of 
microlocal defect measure (or i7-measure). Such studies are postponed to a future work. 

Generalizations to other locally compact Lie groups should also be considered. The general- 
ization of the Littlewood-Paley decomposition is in itself a challenge : although it is known 
(see [47]) that a frequency localization process can be defined in general as a convolution 
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product with a function of the Schwartz class, Bernstein inequahties seem very difficult to 
obtain in general (and these inequalities are the crucial property that allow to construct 
a Littlewood-Paley theory). Once that difficulty is overcome, the next step should be the 
understanding of the phase space in more general contexts. 



1.1.4. Structure of the paper. — The structure of the paper is the following. The rest of 
this chapter is devoted to a recollection of the main facts on the Heisenberg group which will be 
useful for us, as well as to the statement of the main results. More precisely, in Section 1.2.1, 
we introduce our notation and give the basic definitions and in Section 1.2.2, we recall the 
definition of the Fourier transform, using irreducible representations. The purpose of the next 
section of this chapter is to provide the setting for symbols and operators on the Heisenberg 
group, and it also contains the statement of the main results; for this some elements of Weyl- 
Hormander calculus are required, and the necessary definitions are recalled. The main results 
stated in this chapter (in Section 1.4) concern the continuity of pseudodifferential operators 
on Sobolev spaces, along with the fact that those classes of operators form an algebra. 

The second chapter is devoted to the analysis of examples and to the proof of some funda- 
mental properties of pseudodifferential operators, such as their action on the Schwartz class, 
the study of their kernel, their composition with differentiation operators. 

In the third chapter, we prove that the classes of pseudodifferential operators defined in the 
previous chapter are stable by adjunction and composition and prove asymptotic expansion 
of their symbol. 

In the fourth chapter we give an outline of the basic elements of Littlewood-Paley theory on 
the Heisenberg group developed in [7] and [5] recalling in that framework the properties of 
Besov spaces that we shall need later on. Next, we compare Littlewood-Paley operators with 
pseudodifferential operators. This is of crucial importance in the next chapter. More precisely, 
we prove that in some sense, a pseudodifferential operator associated to a truncated symbol, 
in the Weyl-Hormander calculus of the harmonic oscillator, is close to a Littlewood-Paley 
operator. 

In the fifth chapter, we prove the continuity on Sobolev spaces, by a (non trivial) adaptation 
of the technique of R. Coifman and Y. Meyer [22] to the case of the Heisenberg group; in 
particular an additional microlocalization is required, compared to the classical case. 

Finally this paper comprises two appendixes. Appendix A is devoted to the proof of some 
technical lemmas and formulas concerning the Heisenberg group that are used in the paper. In 
Appendix B we prove a number of important results used in the proofs of the main theorems 
of this paper, but for which the arguments are too lengthy or too technical to appear in the 
main text; they are mainly related to Weyl-Hormander calculus. 



1.2. Basic facts on the Heisenberg group EI 

1.2.1. The Heisenberg group. — Before stating the principal results of this paper, let 
us collect a few well-known definitions and results on the Heisenberg group H . We recall 
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that it is defined as the space M ^ whose elements w G M ^ can be written w = {x, y, s) 
with (x, y) G R X R , endowed with the following product law: 

(1.2.1) w w' = {x,y,s) ■ {x',y',s') = [x + x' ,y + y' , s + s' - 2x ■ y' + 2y ■ x') , 

where for x,x' G M , x ■ x' denotes the Euclidean scalar product of the vectors x and x'. 
Equipped with the standard differential structure of the manifold M '^ , the set HI is a non 
commutative Lie group with identity (0,0). Note also that 

\f w = {x,y,s) eW^, w~^ = {-x,-y,-s). 

The Lie algebra of left invariant vector fields (see Section A.l of the Appendix) is spanned by 
the vector fields 

Xj = d^. + 2yjds , Yj = dy^ - 2xjds with j G {1, . . . , d}, and S = ds = -[Yj,Xj] 

for J G {1, . . . , d}. In the following, we will denote by X the family of vector fields generated 
by Xj and by Xj^^ = Yj for j G {1, . . . , d}. Then for any multi-index a G {1, . . . , 2d} , we 
write 

(1.2.2) X'' = X^,...Xa,. 

Using the complex coordinate system {z, s) obtained by setting Zj = Xj + iyj, we note that 

V {{z, s), {z, s')) eM.'^ X W^, {z, s) • {z, s') = {z + z',s + s' + 2Im(z • z')), 

where z • z' = "^j^i Zjz'^. Furthermore, the Lie algebra of left invariant vector fields on the 
Heisenberg group H is generated by the vector fields: 

Zj = dzj+izjds, Zj = dzj - izjds, with j G {1, . . . , d} and S = dg = —[Zj, Zj]. 

Denoting by Z the family of vector fields generated by Zj and by Zj+d = Zj (or j £ {1, . . . ,d}, 
we write for any multi- index a G {1, . . . , 2d} 

(1.2.3) Z^'Mz^,...Z^^. 
One can easily check that for all j G {1, . . . , d}, 

(1.2.4) Xj = Zj + Zj and Yj = i{Zj - Zj). 



The space EI is endowed with a smooth left invariant measure, the Haar measure, which in 

the coordinate system ( 
fundamental property: 



def 
the coordinate system (x, y, s) is simply the Lebesgue measure dw = dx dy ds. It satisfies the 



(1.2.5) V/ G L^(IH'^), Vtf' G M'^, / f{w) dw = f{w' ■ w) dw. 



The convolution product of two functions / and g onM is defined by 

def 



f-kg{w) = / f{w-v ^)g{v)dv = / f{v)g{v ^ ■ w)dv. 



It should be emphasized that the convolution on the Heisenberg group is not commutative. 
Moreover if P is a left invariant vector field on EI , then one has 

(1.2.6) P{f*g) = f*{P{g)). 
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Indeed, thanks to the classical differentiation theorem, we have 

P{f*g){w)= f f{v)P{g{v-^-w))dv. 

Due to (A. 1.2), one can write 

P{g{v-^-w)) = {Pg){v~^-w), 
which yields (1.2.6). However in general f -k [P[g)) ^ {P{f)) -kg. 

Note that the usual Young inequalities are nevertheless valid on the Heisenberg group, namely 

o 111 

V(p,g,r) G [l,oo]', \\f*g\\Lr(M'i)<\\f\\LP{M'i)\\9\\Li{M'i)^ ^^r^p^q' 

In fact, Young inequalities are more generally available on any locally compact topological 
group endowed with a left invariant Haar measure fi which satisfies in addition 

fi{A~ ) = fJ,{A) for all borelian sets A. 

Let us also point out that on the Heisenberg group IH , there is a notion of dilation defined 
for a > by 

(1.2.7) 6a{z,s) = {az,a s). 
Observe that for any real number a > 0, the dilation 6a satisfies 

5aiz, s) ■ 5a{z', s') = 5a{{z, s) ■ {z , s')) 

and that the vector fields Zj change the homogeneity in the following way: 

(1.2.8) Z,{fo6a) = a{Zjf)o6a. 

This fact is crucial in order to obtain Bernstein or Hardy inequalities [4] (see Chapter 4). 

Let us also remark that the Jacobian of the dilation 6a is a where A^ = 2(i + 2 is called the 
homogeneous dimension of ^ 



ltd 



Let us now recall how Sobolev spaces on the Heisenberg group are associated with the system 
of vector fields X for nonnegative integer indexes. 

Definition 1.1. — Let k be a nonnegative integer. We denote by H^{M. ) the inhomogeneous 
Sobolev space on the Heisenberg group of order k which is the space of functions u in L^(IHI ) 
(for the Haar measure) such that 

X°'u G L for any multi-index a G {1, . . . , 2d} with \a\ < k. 

Moreover, we state 



(1.2.9) lkll^.(H'^) = E 11-^ 



"■ r2fTad 



L2(H'') 
\a\<k 

Remark 1.2. — Equivalently, powers of the Laplacian-Kohn operator defined by 

d d d 

(1.2.10) Ajj. =^E(4 + ^') = 2E(^^-^J- +^^-^^) = 4E(^^-^^- + ^^«)' 
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can be used to define those Sobolev spaces, which take into account the different role played by 
the s- direction. Thus 

k 

IMhhm'') ~ ll(M - A]jjd)2u||^2(]H[d) 
where ~ stands for equivalent norms. 

Note that homogeneous norms may also be defined, where the summation in (1.2.9) is replaced 

k k 

by a summation over \a\ = k, and above (Id — Ajjd)2 is replaced by (— Ajjd)2 . 

When a is any nonnegative real number one can, as in the case of classical Sobolev spaces 
on M", define the space H'^{M. ) by complex interpolation (see for instance [12]). As in the 
euclidian case, other equivalent definitions of Sobolev spaces H'^(M ) can be used: the defini- 
tion using integrals and kernels (see [58] and [62]), or the definition using Weyl-Hormander 
calculus (see [19]). Finally, a definition using the Littlewood-Paley theory on the Heisenberg 
group, in the same spirit as in the Euclidian case and due to [7], will be given in Section 4.4.2. 

There is a natural Heisenberg distance to the origin defined by 

p(.,s)tf(|,|4 + ,2)i^ 



where \z\ = > ^j^j- Similarly, we define the Heisenberg distance by 
i=i 

(1.2.11) d{w,w')= p{w-^ -w') . 

The distance d incorporates left translation invariant properties 

(1.2.12) ywGW^, d{w-w,w-w') =d{w,w'). 

To define Holder spaces on the Heisenberg group, we shall introduce another distance on IHI . 
Denote by P = P{Xi, . . . ,X2d) the set of continuous curves which are piecewise integral 
curves of one of the vectors fields =bXi, . . . , ±X2d- To any such curve 7 : [0, T] — > H , we 

associate its length ^(7) = T. It is known (see for instance [34, 35]) that, for any couple of 
points w and w'ofM. , there exists a curve of P joining w to w' and that the function 

(1.2.13) d{w, w') = min< ^(7), 7 G P, 7 joining w to w' \ 

is a distance on the Heisenberg group, which turns out to be equivalent to the one introduced 
in (1.2.11). 

Now, up to the change of the Euclidean distance into d, the definition of Holder spaces on the 
Heisenberg group is similar to the definition of Holder spaces on M . 

Definition 1.3. — Let r = k + a, where k is an integer and a g]0, 1[. The Holder 
space C^{M ) on the Heisenberg group is the space of functions u on IHI such that 

iX'^uiw) - X"u{w')l 



\\u\\Qrmd-. = sup I ||A'"u||loo + sup — I < OO; 

^ ' \a\<k^ Wy^w' d{w,w'Y ' 

where d denotes the distance on the Heisenberg group defined by (1.2.13). 
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Remark 1.4- — Thanks to (1.2.12) and the fact that the distances d and d are equivalent, 
the spaces C"'(IHI ) are invariant under left translations. It will he useful to point out that 
Holder spaces on the Heisenherg group can he also defined using the Littlewood-Paley theory 
on the Heisenherg group, in the same way as in the Euclidian case (see Section 4-4-2). 

Finally let us define the Schwartz space. 

Definition 1.5. — The Schwartz space S(\\l ) is the set of smooth functions u on M such 
that, for any k gN, we have 

\\u\\k,s = sup 1^" ((|z|2 - isf^'uiz, s)) I < oo. 

\a\<.k,n<.k 

The Schwartz space on the Heisenherg group SiM. ) coincides with the classical Schwartz 
space S{M. ~^ ). This allows to define the space of tempered distributions S'{M. ). The weight 
in (z, s) appearing in the definition above is linked to the Heisenherg distance to the origin p 
defined above. 

1.2.2. Irreducible representations and the Fourier transform. — Let us now recall 
the definition of the Fourier transform. We refer for instance to [29], [54], [62], [63] or [64] 
for more details. The Heisenherg group being non commutative, the Fourier transform on EI 
is defined using irreducible unitary representations of EI . As explained for instance in [63] 
Chapter 2, all irreducible representations of EI are unitarily equivalent to one of two rep- 
resentations: the Bargmann representation or the L? representation. The representations 
on L^(M ) can be deduced from Bargmann representations thanks to intertwining operators. 
The reader can consult J. Faraut and K. Harzallah [29] for more details. Both representations 
will be used here. 

1.2.2.1. The Bargmann representations. — They are described by (u^^T-Lx), with A € M\{0}, 
where T-L\ is the space defined by 

"Ha = {F holomorphic on C , ||i^||-H;^ < oo}, 
with 

(1.2.14) IIFIII,, 'M (^)7,/'""'">(^)l'^^' 

while u is the map from EI into the group of unitary operators of Hx defined by 



U-; ^F{i) = F{i - ^)e^As+2A(f .-|.| V2) fo^. ^ > q. 



n; 



,F(0 = F(e - 2)e*^^-2M5-^-|^l /2) for A < 0. 



Let us notice that Hx equipped with the norm || • ||-^^ defined in (1.2.14) is a Hilbert space. 
The monomials 

constitute an orthonormal basis of Hx- 

The Fourier transform of an integrable function of EI is given by the following definition. 
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Definition 1.6. — For / G L^(EI ), we define 



Hf)W= I f{^)nidw. 



d 



The function J'{f), which takes values in the space of hounded operators on %\, is by definition 
the Fourier transform of f . 

Note that one has 

F{f^g){X)=Hf)WoF{g){\). 

We recall that an operator ^(A) of T-L\ such that 

is said to be of trace-class. One then sets 

(1-2.16) tr(^(A)) ''M ^ (A(A)F„,,,F„,,)^,. 

We recall that if besides the operator ^(A) has a kernel, namely that if there exists a func- 
tion k\{^,^') such that 

(1.2.17) VFG^A, A{\)F{0= I kx{C,aF{adC', 

then its trace is given by 



(1.2.18) tr(^(A))= / kxitOdC- 



Now if A{X)* A{X) is trace class, then A{X) is said to be a Hilbert- Schmidt operator. The 
quantity 



\\MmHsin,)= [ Eii^w^".a| 

is then a norm on the vector space of Hilbert-Schmidt operators. The following property on 
Hilbert-Schmidt norms, which can be found in [55] (Volume 1 Chapter VI. 6) will be of frequent 
use in what follows. Let A and B be two bounded operators on Tix, with A Hilbert-Schmidt. 
Then 

(1-2-19) \\BA\\Hs{nx) + W^^Whschx) ^ \\B\\c{nx)\\MHS{nx)- 

Similarly if A and B are two Hilbert-Schmidt operators, then AB is trace-class and 

(1-2.20) MAB)\ < \\A{X)\\Hs(nx)\\BmHSinx)- 

These notions are important for stating the Plancherel theorem for the Heisenberg group. 

The proofs of the two following results can be found for instance in [29]. 

Theorem 1. — Let A denote the Hilbert space of one-parameter families A = {A(A)}AeK\{o} 

of operators on T-L\ which are Hilbert-Schmidt for almost every A G M, with \\A{X)\\fjgt'^\ 

measurable and with norm 

1 

J r / nd— 1 /-oo \ 2 

U\\ = [-^r j^jm\?HS(Hx)\>^\'dx) <oo. 
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The Fourier transform can be extended to an isometry from L^(EI ) onto A and we have the 
Plancherel formulas: 

od— 1 /"oo 
|2 _ ^ / WTf f\(\\\\'2 l\|d. 



(1.2.21) ll/lli2(H.) = -m / \\Hf){mHsCH,)\>^Vd\ and 



1.2.22) (/|<7)l2(h.) = ^1 tr{{T{g){X)rT{f){X))\XfdX. 

Remark 1.7. — If A = {A{X)}x,=m.\{o} and B = {B{X)~\\^^\tQ\ are two families in A, then 

ti{A{X)B{X))\ \X\'^dX< \\A\\ \\B\\. 



Moreover, the following inversion theorem holds. 
Theorem 2. — If a function f satisfies 

/oo 
||-^(/)(A)F«,A||«JA|^dA<oo 

then we have for almost every w, 

od— 1 /*oo , , 

fi^) = -m tr(n^.J-(/)(A))|A|'^dA. 



— OO 



Remark 1.8. — The above hypothesis (1.2.23) is satisfied in S{M. ) (see for example [6]j. 



Therefore, if we consider for wq G EI , the Dirac distribution in wq, Swo{w), defined by 

V/ G SiW"), < 6^, , f> = f{wo), 
we have an expression of (5^^ as a singular integral 



-)d~l /-oo 



(1.2.24) 3^,{w) = -^ / tr <,_, lA^dA. 



" -'— oo ^ " 



Now let us study the action of the Fourier transform on derivatives. Straightforward compu- 
tations (performed in Lemma A. 3 page 101 for the convenience of the reader), show that 

J•(Z,/)(A)=J•(/)(A)g,^ 

where Q^ is the operator on T-Lx defined by 



QjF^^x 


dcf 


(1.2.25) 


def 


and in the same way, 





■V2Wv/^7^Fa+i„A ifA>0 



V2RV^i^a-i„A ifA<0 



J^{Z,f){X) = T{f){X)Q-, 



where Q,- is the operator on Tix defined by 



T=:A ^ def 



QjF^^X = V2W^/^^a-i„A ifA>0 

(1.2.26) =^ -^/2|^v/^7TTF,+l^,A ifA<0, 

while we have written a it Ij = /3 where /3fc = a^ if fc 7^ j and f3j = Oj it 1. 
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Observe that { -Qj ) = -Qj and that 



(1227) qa _ f -2|A|e, if A > 0, ^a _ f % if A > 0, 

We therefore can write 

J-(-Ah,/)(A) = -F(/)(A) o D^ where Da =^ 2 ^^(Q.Q, + Q,Q,) 

i 

Using (1.2.25) and (1.2.26) we notice that 

(1.2.28) VaGN^ Da i^a,A =^4|A|(2|a| + d) F„,a. 

Powers of — Ajjd can therefore be defined in the foUowing way: for any real number /), 

n 2 2q^ J-((-Ah.)^/)(A) = J-(/)(A) o D"^ and 

^'•'•^^^ -^((Id - Ah.)^/)(A) = J-(/)(A) o (Id + D^y. 

Notice that (1.2.28) shows that the quantity |A|(2|a| +(i) may be considered as a "frequency" 
on the Heisenberg group. Finally one sees easily that 

J-(a,/)(A)=iA^(/)(A). 

This explains why the partial derivative dg is usually considered as a second-order operator, 
though one notices here that its "strength" is somewhat weaker than that of the Laplacian 
since its action, in Fourier space, corresponds to a multiplication by A while the Laplacian 
produces 4|A|(2|q| + d). 

Finally it will be useful later on to notice that due to formulas (1.2.25), (1.2.26) and (1.2.28), 

the operators D^J^ o (Q^)™ and DyJ^ o {Qj)'""" are uniformly bounded on T-Lx for any 
integer m. 

Note that one can also prove, in the same fashion as in the Euclidean case, relations be- 
tween T [{is — jzp)/) (A) and J-"(/)(A); we refer to Proposition 1.11 below for formulas. 

Remark 1.9. — The above computations show that for any function f G S(M. ), 

od— 1 foo 



ZjfH = -^ tv(ut^,J^{f){X)Q^)\X\''d\, 

Z,f{w) = ^^mj tr(t.^_iJ-(/)(A)Q,)|A|'^dA, and 

od-l /-oo , , 



2 

In particular, if we consider the derivatives of the Dirac distribution 5wo (w) defined as usual 
by duality through 

< Zj6wf^,f >= - < 6^0, Zjf >= -Zjf{wo) and 
< Zj6yjg,f >= - < 5yj^^,Zjf >= -Zjf{wo) 
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for a// / G 5(EI ) and for some fixed wq ^ M , we obtain an expression of the derivatives of 
the Dirac distribution as singular integrals 

nrf— 1 /"OO 



Zj5^,,{w) = -^ 



t/ tr(n^-.^Q,^)|ArdA, 



ZjS^,iw) = --^ jjT(ul^^,^Q^)\X\''d\, and 

It turns out that for radial functions on the Heisenberg group, the Fourier transform becomes 
simpUfied. Let us first recall the concept of radial functions on the Heisenberg group. 

Definition 1.10. — A function f defined on the Heisenberg group H is said to be radial if it 
is invariant under the action of the unitary group U{d) ofC , meaning that for any u G U{d), 
we have 

f{z,s) = f{u{z),s), y{z,s)eM''. 
A radial function on the Heisenberg group can then be written under the form 

f{z,s) =g{\z\,s). 

Then it can be shown (see for instance [54]) that the Fourier transform of radial functions 
of L^(IHI ), satisfies the following formula: 

where 

i?„.(A) tf ( -+^- 1 y Y«^'^/(-'-)^^'''H2|A||.P)e-I^IN^d.d., 

(p) 
and where Lm are Laguerre polynomials defined by 

(1.2.30) ^^^W = E(-l)'(;^!fc)F *^0' (-'^)e^'- 

k=0 ^ ^ 

Note that in that context, Plancherel and inversion formulas can be stated as follows: 



Il2(h'') 
and 



'!:^E('"^^')/:i«™wiw-)* 



(1.2.31) f{z,s) = ^Y1 [e-'''Rm{X)Lii~'H2\X\\z\')e'\'\\^\'\X\''dX. 

m 

The context of radial functions allows to compute the Fourier transform of (is — \z\'^)f, as 
stated below (see [7] for a proof). 
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Proposition 1.11. — For any radial function f G S{M ), we have for any m> 1, 

n Til 

J^{iis-\z\^)f){m,X) = J-/(m,A)--(^/(m,A)-^/(m-l,A)) ^/ A > 0, and 

dX A 

J^{{is-\zf)f)im,X) = A^/(m,A) + ^^(^/(m,A)-^/(m + l,A)) ifX<0. 

1.2.2.2. The L? representation. — In order to define pseudodifferential operators, it will 
be useful to use rather the L^ (or Schrodinger) representations, denoted in the following 
by {v^gf){i), where ^ belongs to W^ and / to L^(M'^). As recalled above, the representa- 
tions v^ g and u^ g are equivalent. The intertwining operator is the Hermite- Weber trans- 
form Kx-.Tix^ L^(M'^) given by 

which is unitary and intertwines both representations: we have indeed K\u.^ s — '^z s^A and 

(1.2.33) <s/(0 = e^^(^-2^-^+2^-«)/(C - 2a;), VA G M* . 

A short proof of this fact is given in Appendix A. 2 for the convenience of the reader (see Propo- 
sition A.l page 98). We also recall that the inverse of K\ is known as the Segal-Bargmann 
transform (see for instance [30]). Let us denote by ha the multidimensional Hermite function 
defined by 

Va = («!,••• ,ad)GN^ Vt = (ti,--- ,td)GM^ ha{t)'^= h^^iti) ■ ■ -h^M, 
with 

/.„(t)tf(2«n!^)-^/^-*V2i7„(t) and ^n(t) '= e*' (-|)' 

Introducing the scaling operator 

(1.2.34) V/ G l2(R'^), r,/(e) "^^^ lAI-^/VdAI-i/^e), 
and setting /i^^a = T'^ha we observe that 

where h^^x is an eigenfunction of the rescaled harmonic oscillator — A^ + |A||^p. This implies 
by straightforward computations that 



(1.2.35) Va G N'^, KxP^^x = h^ 



KxQ^Kl = % - |A|e,- and KxQ.Kl = % + \X\Cj if A > 0, 
KxQJKl = % + \X\^j and KxQjKl = 9^^, - |A|y, if A < 0. 



Defining the operator 

(1.2.36) Jx=TxKx, 

and observing that 



Txi-A^+mM')n = \x\i-A^ + m, 



we infer that 



.^ 2 37) '^>^Qr^x = VWl (% - 6) and JxQ-J*x = V\M (% + ^,) if A > 

JxQp*x = V\M (% + e,) and JxQ-J*x = ^AM (% " 6) if A < 0, 
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which finally implies that 

(1.2.38) JxD^r^ = A\X\{-A^ + \C\''). 

In view of Remark 1.9, the Laplacian — Ajjd is associated with the operator Dx of Tix in the 
Bargmann representation; by Equation (1.2.38), it is associated with the harmonic oscillator 
in the L^(]R ) framework. 

These computations indicate that symbolic calculus on Tix is, via the unitary operator Jx, 
equivalent to symbolic calculus on the harmonic oscillator. That theory is well understood: 
it consists in Weyl-Hormander calculus associated with a harmonic oscillator metric. This is 
made precise in the next section. 



Before proceeding further, it is instructive to compute the Fourier transform for instance of the 
function ZjZjf for / G S{M ). Indeed, we notice that with the previous notations, for A > 0, 

Ti{-zZ,)i-iZj)f){X) = T(-iZjf){X)Jl^\{-zd^^+iCj)Jx 

= ^(/)(A)J3:|A|(-%, - ie,)(-i% + iCj)Jx 
= T{f){X)J*x\X\iC]-dl + l)Jx. 

This implies that symbols on the Heisenberg group must not only include harmonic oscillator 
type symbols, but also functions such as powers of A. 



1.3. Weyl-Hormander calculus 

Let us recall in this section some results on the Weyl-Hormander calculus of the harmonic 
oscillator which we shall be using. We shall only state the definitions that will be needed 
in the following, and for further details, we refer for instance to [15], [16], [19], [21], [46] 
and [50]. 



1.3.1. Admissible weights and metrics. — Let us denote by a;[0,0'] the standard 
symplectic form on T* M (which we shall identify in the following to M ) : if = (^, r/) 

and 9' = {C, ri'), then ^[6, 9'] =^ 7] ■ ^ - v' ■ ^■ 

For any point 9 = {£,, 77) in M , we consider a Riemannian metric g^ (which depends mea- 
surably on 9) to which we associate the conjugate metric Qq by 

VTGM^^ (5^(r))V2= ^^p M^. 

We also define the gain factor 

(1.3.1) ^« = ^?^^- 

Definition 1.12. — We shall say that the metric g is of Hormander type if it is: 
1. Uncertain: For all 9 G M^"*, Ae > 1. 
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2. Slowly varying: There is a constant C > such that 

9e{@-&')<C''^ sup (i^Y\c. 



3. Temperate: There are constants C > and A^ G N such that for all (B, 0') G 



t>4d 



sup (^^^) <C(1 +5^(9-90)^. 
/n i/ie following any constant depending only on C and N will be called a structural constant. 

In the definition above we have used the notation 

9e{T)\^' dei ge{T) ^ge'{T) 



ge'{T)J 90' (T) ge{T) 

We also define a weight as a positive function on M satisfying the same type of conditions 
as a Hormander metric. 

Definition 1.13. — Let g he a metric in the sense of Definition 1.12. A positive function m 
onM. is a g-weight if there are structural constants C > and A^ G N such that 



H^J sc(i+sg(e-e'))". 

It is easy to see that the set of g'-weights has a group structure (for the usual product of 
functions). 

For such metrics and weights, one can then define the class S{m,g) of smooth functions a 
on M such that, for any integer n, 

., „„. II II def \dT,...dT,a{e)\ 

(1-3.2) \\a\\n;S(m,g) = SUp — < OO, 

i<n,0GM2d m(B) 

9effi)<l 

where dxa denotes the map {da,T). Now, if a is a symbol in S{m,g), then its Weyl quanti- 
zation is the operator which associates to u G 5(M ) the function op'^{a)u defined by 

(1.3.3) VeGM^ (op"'(a)n)(e) =^27r)-'^ / e'^^~^''^-''a ( ^^, f]] ui^d^'dr]. 

JM2d \ 2 J 

The main interest of this quantization is that op^{a)* = op'^(a). 

Observe also that if a(C,??) = o(0) the operator op^{a) is the operator of multiplication by 

the function a and if a{^,rj) = a{ri), the operator op"' (a) is the Fourier multiplier a{D). In 

k 



particular one has op^{r]j ) = { —d^. ) for any A: G N. 
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Besides, for all symbols a G S{mi,g) and b £ S{m2,g) where rrii and m2 are ^f-weights, we 
have the following composition formulas: 

op'^{a) o op'^{b) = op'^{a#b) with a#b G S{mim2,g) and 

(1.3.4) (a#6)(e) = ^-2'^ / e-2^'^[®-®i'®-®2]a(Gi)6(G2)deide2. 

The (non commutative) bilinear operator ^ is often referred to as the Moyal product. 
This leads to an asymptotic formula 

(1.3.5) a#b = ab+—{a,b} + --- + rN, 

It 

where ab belongs to S{mim2,g) and — {a, 6} belongs to S{A~^mim2,g), recalling that {a, 6} 

2i 
is the usual Poisson bracket 

d 

{a,b} = Y, (\ « % b - % a \ &) • 

i=i 

Finally for any integer N, the remainder r^r belongs to S{K~^mim2,g). 
Let us mention that the operator op^{a) has a kernel A;(^, ^') defined by 

(1.3.6) fe(e, eO = (2^)'" ^^ e*«-«')"'a (i±^, r/) dr? 
which is linked to its symbol through 

(1.3.7) a(e, r,) = j^^ e'^^'U (^^ + |, ^ - |) d^'- 

Remark 1.14- — As pointed out in [62] (Chapter VI. 7. A), the mapping a i— )■ op'^{a) extends 
to an isomorphism from S' (M. ) to C{S{M. );5'(M )). Such symbols may be called "generalized 
symbols". 

Let us also point out that a concept of Sobolev space H{m,g) was introduced by R. Beals 
in [8]. We will use the following characterization of those spaces. 

Definition 1.15. — Let g and m he respectively a Hormander metric and a g-weight, in the 
sense of Definitions 1.12 and 1.13. We denote by H{m,g) the set of all tempered distribu- 
tionsuonW such that, for any a £ S{m,g), we have op^{a)u £ L'^(R ). In particular H{l,g) 
coincides with L'^{]R. ). 

Note that the study of Sobolev spaces associated with a Hormander metric g and a ^(-weight 
has been developed in [8], [15], [16], [19] and [63] and in particular in [15], it was shown 
that these spaces are "almost independent" of the metric g. The Weyl quantization defined 
by (1.3.3) can be extended to an operator on 5'(M ) which acts on the Sobolev spaces H{m, g) 
in the following way. 
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Proposition 1.16. — Let g he a Hormander metric, and let m and mi be g-weights. There 
exists a constant C, depending only on the structural constants of Definitions 1.12 and 1.13, 
such that the following holds. Let a he in S{mi,g). Then, there exist an integer n and a 
constant C such that for any u in H{m,g), we have 

\\0P^{(^MH(mm-\g) ^ C'l|a|ln;5(mi,g) ll«k(m,9) • 

In particular, there exist an integer n and a constant C such that if a £ S{l,g), then for any 
u £ L2(M'^) one has 

(1-3-8) l|op"'(a)u||^2(iR;d) < C\\a\\n;S(l,g)\\u\\L^(R'iy 



1.3.2. The case of the harmonic oscillator. — As pointed out in Section 1.1.2.2, it is 
natural to base the quantization of symbols on the Heisenberg group on the calculus related 
to the harmonic oscillator. In that case one is considering the metric defined by 

(1.3.9) ve = it v) e ^'', geidt dv) ^'' ^^' + ^^' 



i+e+v^ 



while the (/-weight is 



2rf _/^^^ clet f-, , ^2 , 2^ 



(1.3.10) ve = (^, 7?) G M^^ m(e) = (i + r + ?/ 



2 . 



It is an exercise to check that 5 is a Hormander metric in the sense of Definition 1.12, and 
that m is a (/-weight in the sense of Definition 1.13. This will in fact be performed in the 
proof of Proposition 1.21 below in a more general setting. 

We will be interested in the class of symbols belonging to S{m^,g) for some real number ^u, 
where we notice that (1.3.2) can simply be written equivalently in the following way: 

(1.3.11) l|a||n;5(mM,g) = SUp (1 + ^ + T] )^^ \dt, .a{tr])\ < CO. 

l/3|<n,(S,'?)6M2'' 



Remark 1.17. — Let us note that the operator Id — A^ -|- ^^ has for .symbol m? . As proved 
in [45], Chapter 4, for any fi £R there exists a function m^ G S{ni^,g) such that 

2^(Id-A^ + ey/' = op'"(m^). 
We also refer to [11] in a more general context than the harmonic oscillator. 

It can be useful to write the Weyl symbol of functions of the harmonic oscillator on L^(M ). 
The formula for such symbols is derived using Mehler's formula (see [31] for instance) 

(1.3.12) e-*«'-^«) = {cht)-\p^ L-{eW)t\^t 



Unfortunately the symbol obtained is not a classical symbol, but a generalized one in the 
sense of Remark 1.14. More precisely, we have the following result, whose proof is postponed 
to Appendix B (see page 108). 
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Proposition 1.18. — Consider R a smooth function satisfying a symbol estimate: 

(1.3.13) 3/iGM, VnGN, 3C > 0, ||(1 + | • |)"-^a"i?||^^(^^ < C7. 

Then one has formally 

where r is smooth outside x = and is given by the formula 

(1.3.14) r{x) = —f (cosr)-V^*s^-«^)i?(OdTde 

27r Jk X R 

Besides r satisfies the symbol estimates of the class S{m^,g), in the sense of (1.3.13). 

Note that r is not well defined at x = in general. Actually we shall obtain in Appendix B 
a description of r near zero. 

One also has the inverse formula 

(1.3.15) of" (r(/ + r/2)) = i- /"f(r)e^(^'-^)^''=*s-(i + ^2)-d/2^^_ 

This yields that the operator J^op^{r{y'^ + rf))J\ is diagonal in the basis {Fa^\)^^^d and 
thus commutes with operators of the form xiDx) for all continuous bounded functions x, 
where x{D\) is the operator 

(1-3.16) x{Dx)F^,x = x(4|A|(2|a| + d))F^,x. 



1.4. Main results: pseudodifferential operators on the Heisenberg group 

In this section, motivated by the examples studied in the previous sections of this chapter, we 
shall give a definition of symbols, and pseudodifferential operators, on the Heisenberg group. 
Then we will state the main results proved in this paper concerning those operators. 

1.4.1. Symbols. — Our approach inspired by the Euclidian strategy of R. Coifman and 
Y. Meyer [22] allows to consider symbols with limited regularity with respect the Heisenberg 
variable. Therefore, in what follows, we shall define a positive, noninteger real number p, 
which will measure the regularity assumed on the symbols (in the Heisenberg variable). This 
number p is fixed from now on and we emphasize that the definitions below depend on p. We 
have chosen not to keep memory of this number on the notations for the sake of simplicity. 

Definition 1.19. — A smooth function a defined onW x M* x M is a symbol if there is a 
real number p such that for all n € N, the following semi norm is finite: 

ll«lln;5,,M '= sup sup |A|-^(l + |A|(l + e2))^||(AaA)'=a^a(.,A,e)||^,(jj.). 

A^^O \l3\+k<n 

Besides, one additionally requires that the function 

(1.4.1) {w, X,^, T]) ^ a{a){w,X,^,ri) = aiw, X,sgn{X) 



\MW\MJ 

is smooth close to X = for any {w,S,,ri) G H x M^ . /n that case we shall write a G Sj^d{p). 
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Remark 1.20. — The additional assumption (1.4-1) is necessary in order to guarantee that 
pseudodijjerential operators associated with those symbols are continuous onSiM ) (see Propo- 
sition 2.6). It is also required to obtain that the space of pseudodijjerential operators is an 
algebra. 

In the remainder of this section, we shall discuss two points of view. The first consists in 
considering the symbol a G S^d{fi) as a symbol on R depending on the parameters {w,X) 
in EI X R and belonging to a A-dependent Hormander class (see Proposition 1.21). The second 
point of view consists in emphasizing the function cr(a) (see Proposition 1.23). Both points 
of view are in fact interesting, and both will be used in the following. 

Let us first analyze the properties of a G Sj^d{fi) for a fixed A. The following proposition is 
proved in Appendix B (see page 105). 

Proposition 1.21. — The (X-dependent) metric g^^' defined by 

vy\^nvyncro2d W (...-, def \X\{d^^^^djf) 

vA/0, vggm , 5e (d^,rf^) = Y^p^^YTe2) 

is a Hormander metric in the sense of Definition 1.12, and the function 

mW(e)'=^(i + |A|(i + e^))^/^ 

is a g^' -weight. Moreover the constants C and N of Definitions 1.12 and 1.13 are independent 
ofX. 

Finally if a is a smooth function defined on H x M* x M , then a belongs to S^d{ii) if and 
only if (1.4.1) defines a smooth function and for any /c G N, the function {Xd\)^a is a symbol 
of order fx in the Weyl- Hormander class defined by the metric g^^' and the g^^' -weight m^ \ 
uniformly with respect to X. 

Proposition 1.21 has important consequences which are stated below. The first one will be 
used often in the sequel and states that the continuity constants of Weyl quantizations of 
symbols are independent of A and w. 

Corollary 1.22. — Let a be a symbol in S^d{ii). Then for any w ^ M. and A G M*, the 
operator op^{a{w,X)) is continuous from H{m,g^ >) into H (^m{m^ ')~^,g^ '^ for any g^ ' - 
weight m, and the constant of continuity is uniform wih respect to X and w. In particular 
for fj, = 0, the operator op^{a{w,X)) maps L^(M ) into itself uniformly with respect to w 
and X. 

The second consequence concerns the stability of our class of symbols with respect to the 
Moyal product (see (1.3.4)): if a G S^d{fj,i) and b G S^d{fJ,2), then the functions ah and a^b 
are symbols in the class Sj^d{pi + H2). Besides, the asymptotic formula can be written 

a#b = ab-\ > ( — ^9„.a — ^^dfb ^St.a — r^d„ b 
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Let US also point out that if a belongs to S'jjd(/u), then for any j G {l,...,(i} the func- 
tions — -j^df.a and — ^3„.a belong to S„diLi — 1). 

Let us now mention a property of the function <j{a) defined in (1.4.1). The following proposi- 
tion, which is proved in Appendix B (see page 107), will be useful in the proofs of Chapter 3. 



Proposition 1.23. — A function a belongs to S^d{p) if and only if a {a) G C°°{M.'^ x w^d+i^ 
satisfies: for all A;, n G N, there exists a constant 
ing |/3| < n, and for all {w, X, y, rj) eW^x M.'^'^+^, 

(1.4.2) 



satisfies: for all A;, n G N, there exists a constant Cn,k > such that for any /? G N satisfy- 

^a4,.)(^(«))|L.(h^) ^ ^"''^ (1 + IM+e + r^')"^ (1 + |A|)-^ 

1.4.2. Operators. — We define pseudo differential operators as follows. 

Definition 1.24- — To a symbol a of order n in the sense of Definition 1.19, we associate 
the pseudodifferential operator on H defined in the following way: for any / G 5(IHI ), 

(1.4.3) V«;GIHI^ Op{a)f{w) t^ ^ J tv {n'^^,J^{f){X)Ax{w)) \X\UX, 
where 

(1.4.4) Axiw)tfj{op^{aiw,X,^,v)).h ^/ A / 0. 
while J\ is defined in (1.2.36), page 22. 

Examples of pseudodifferential operators are provided in Section 2.1 of Chapter 2. 
Observe that the operator Op(a) has a kernel 

od— 1 /"CO 

since by definition of the Fourier transform, one can write 

(1.4.6) Op{a)f{w)= [ ka{w,w')fiw')dw'. 

We shall prove in Chapter 2 an integral formula giving an expression of the kernel in terms 
of the function cr(a) defined in (1.4.1): see Proposition 2.4 page 36. 

Let us denote by m}j the function 

(1-4.7) mPitv) ='m,{y^\tV\Mv), 

where m^ is defined in Remark 1.17, page 26. 

Then we note that if a is a symbol of order fi, then the operators 

.4a (Id + Dxr^/^ = Jlop'^iaiw, X)ifm^^l)Jx and 

(Id + Dx)-^^^Ax = Jlop'^im^^l # a{w, X)).h 



(1.4.5) ka{w,w') = ^^ tr [ut-^^,Axiw)) |A|^dA 
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are uniformly bounded on T-L\ (see Corollary 1.22, page 28). More precisely we have, for some 
integer ra, 

(1.4.8) p,(id + Z),)-M/2||^^^^^ + ||(Id + DA)-^/'^A||£(«,) < C„||aL,s_,M- 

1.4.3. Statement of the results. — Let us first state a result concerning the action of 
pseudodifferential operators on the Schwartz class. This theorem is proved in Chapter 2. 

Theorem 3. — If a is a symbol in S^d{p) with p = +oo, then Op(a) maps continuously 
S{n^) into itself. 

Notice that Theorem 3 allows to consider the composition of pseudodifferential operators, as 
well as their adjoint operators. The following result therefore considers the adjoint and the 
composition of such operators. It is proved in Chapter 3. 

Theorem 4- — Consider Op(a) and Op(6) two pseudodifferential operators on the Heisen- 
berg group of order fi and v respectively. 

— If p > 2{2d+l) + \p\, then the operator Op{a)* is a pseudodifferential operator of order p 
on the Heisenherg group. We denote by a* its symbol, which is given by (3.1.2). 

— If p > 2(2(i+l) + |;u| + |z^|, then the operator Op (a) o Op (b) is a pseudodifferential operator 
of order less or equal to p + u. We denote by af^^d b its symbol. 

We have the following asymptotic formulas for A € M*, 

(1.4.9) a* = a + —j= J^ {{Z^a , 7]j + i^j} + {ZjO , 7]j - i^j}) + n 

(1.4.10) a#jjd6 = 6#o 

where ri (resp. r2) depends only on Z'^a (resp. Z'^b) for \a\ > 2. 

The interested reader can find precise formulas for a* and a fj^^^db respectively in (3.1.3) 
and (3.3.3). 

The first term appearing in the asymptotic formula for a^j^db is not a^b as could be expected: 
this is due to the fact that in Definition (1.4.3) the Fourier transform is composed on the right. 

Note that the asymptotic formulas only make sense when the semi norms || • ||„.5 ^(^) are finite 
for p > large enough. Let us also emphasize that due to (1.4.10), the pseudodifferential 
operator [Op(a) , Op(6)] is of order p + v. Actually the same phenomenon occurs when Op(a) 
and Op(6) are differential operators: there is no gain in the order of the commutators. 

It is also important to point out that the asymptotics of (1.4.9) (respectively of (1.4.10)) can 
be pushed to higher order, as shown in Section 3.4 of Chapter 3. We will discuss in that 
section in which sense the formula are asymptotic. In fact, in the case where Op(a) is a 
differential operator, one obtains a complete description in (1.4.9) and in (1.4.10) since the 
asymptotic series are in fact finite. 
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Finally, we point out that even if a is real valued, a* is generally different from a. 

The final result of this paper concerns the action of pseudodifferential operators on Sobolev 
spaces. 

Theorem 5. — Let ^ he a real number, and p > 2{2d +1) be a noninteger real number. 
Consider a symbol a in S^d{p) in the sense of Definition 1.19. Then the operator Op(a) is 
bounded from H'^iM. ) into H^^^^{M. ), for any real number s such that |,s — ;u| < p. More 
precisely there exists n G N such that 

If p > 0, then the result holds for < s — p < p. 

Remark 1.25. — The weaker result for small values of p is due to the fact that the adjoint 
of a pseudodifferential operator is also a pseudodifferential operator is only known to be true 
under the assumption that p is large enough. A way of overcoming this difficulty would be 
to have a quantification, stable by adjonction (of the type of the Weyl quantization in the 
Euclidean space). Unfortunately, the non commutativity of the Heisenberg group seems to 
make such a quantization difficult to define. 

Theorem 5 is proved in Chapter 5. The idea of the proof consists, as in the classical case, in 
decomposing the symbol into a series of reduced symbols. The new difficulty here compared 
to the classical case is that an additionnal microlocalization, in the A direction, is necessary in 
order to conclude. This requires significantly more work, as paradifferential-type techniques 
have to be introduced in order to ensure the convergence of the truncated series (see for 
instance Proposition 4.15, page 77). 



CHAPTER 2 



FUNDAMENTAL PROPERTIES OF 
PSEUDODIFFERENTIAL OPERATORS 



The main part of this chapter is devoted to the proof a number of important properties 
concerning pseudodifferential operators on H defined in Definition 1.24 page 29, which wih 
be crucial in the proof of the main results of this paper. Before stating those properties, we 
first present several elementary examples of pseudodifferential operators, and analyze their 
action on Sobolev spaces. Then, we study the action of pseudodifferential operators on the 
Schwartz space, and prove Theorem 3 stated in the introduction. 



2.1. Examples of pseudodifferential operators 

Let us give some examples of pseudodifferential operators and their associate symbols. In this 
section and more generally in this article we will make constant use of functional calculus. 

2.1.1. Multiplication operators. — It is easy to see that if 6 is a smooth function on H , 
then Op(6) is the multiplication operator by b{w) and clearly maps i7*(]HI ) into itself provided 
that there exists /c > |s| and a constant C such that ||6||cp < C. 

2.1.2. Generalized multiplication operators. — Consider b{w,X) a C^(E. ) real-valued 
function depending smoothly on A so that for some C > 0, 

sup ||^(-,A)||c.p(ed) < C. 
If b is rapidly decreasing in A in the sense that 



yk G N, sup 11(1 + \X\)'d'^bi; A)||c,p(H^) < OO, 



then 5 is a symbol of order and the operator op^{b{w, A)) is the operator of multiplication 
by the constant 6(tt7,A), which does not depend on {y,r]). Therefore, Ax{w) = b{w,X) is a 
uniformly bounded operator of "Ha- Moreover, if / G L^(IH'^) then {J^(/)(A) o Ax{w)}x G A 
(as defined in Theorem 1, page 18), then 

mf){x)oAx{w)\\Hsm) = \b{w,x)\ mnwwHSin,) < cmDwusm) 

which implies that 

||0p(6)/||^.(jj.) < C||/||^.(jj.). 
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Besides, one observes that for all m G N and all j G {1, . . . , d}, we have by Leninia A. 3, 



^(Zf(0p(6)/))(A) = J-(Op(6)/)(A)o(Q 






b{w, A) :f ((-Ah.)-/V) (A) o D-™/2 o {Q^y 



with D^ "* °{Qj)"^ uniformly bounded on Tix- A similar fact occurs for Zj. This computation 
shows that Theorem 5 is easily proved for all s, by interpolation and duality. More precisely, 
there exists a constant C such that 

2.1.3. Differentiation operators. — Let us prove the following result, which provides the 
symbols of the family of left-invariant vector fields. 

Proposition 2.1. — We have for i < j < d and /U G M, 

iz, = Op (^^(r?, + i sgn(A) e,)) , ^Zj = Op [^A^{VJ " i sgn(A) C,)) , 



Xj = Op(2isgn(A) V\MVj), Yj = -Op(2i V|A|^,), 

S = OpiiX), -Ae. = 40p(|A|(r/2 + e2)), 

(Id-Ajj.)t=Op(mW(^,^)). 

In particular Zj, Zj, Xj and Yj are pseudodifferential operators of order 1, while S and Ajjd 
are of order 2 and (Id — Ajjd)'^ is of order 2^. 

Observe that if —Zj = Op{dj), —Zj = Op{dj), we have using the map a defined in (1.4.1) 
page 27, 



a 



{dj){C,ri) = m + iij and a{dj){^,r]) = a{dj){^,r]) = r]j - i^j. 



Proof. — We perform the proof for Zj. For A > 0, we have from (1.2.37) along with 
Lemma A. 3 stated page 101, 

p(\z,f){X) = lj-(/)(A)oQ^ 



= J-(/)(A)oJ*^Q9^_i^,.)j, 

= J-(/)(A)oJ*op»(^(ry,+^^,))^A. 
On the other hand, for A < 0, 

^(iz,/)(A) = J-(/)(A)oJ*^Qa5^, + le,.^J, 

= J-(/)(A)oJ*op-(^(ry,-^^,))^A. 



The other cases are treated similarly, except for the operators (Id — A^d)'^, for which we refer 
to Remark 1.17, page 26. This concludes the proof of Proposition 2.1. D 
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2.1.4. Fourier multipliers. — A Fourier multiplier is an operator K acting on S{M ) such 
that 

HKf){X)=Hf)W°UK{X) 
for some operator Uk{X) on Tix. 

For instance, the differentiation operators Zj and Zj are Fourier multipliers, and Uk{X) is 

respectively equal to Q^ and Qj as given in formulas (1.2.25) and (1.2.26) page 19. Similarly 
the Laplacian — Ajjd is a Fourier multiplier, with Uk{X) = D\ according to (1.2.29). 

Another class of Fourier multipliers which are also pseudodifferential operators, is built with 
functions h in S{m^,g) with /i > in the following way. 

Proposition 2.2. — If a{w, X,S,,ri) = b (sgn{X)^/\X\^, ^y\X\rj] with b £ S{m^,g) andn>0, 
then a belongs to S^d{fi), and the operator Op(a) is a Fourier multiplier. Moreover, 

(2.1.1) Vu G H'im'^), ||Op(a)u||^,-^(jjd) < C\\b\\^.s{m^^,g)\\u\\H-(m'')- 

Finally o"(a) = b as given in Definition 1.19. 

Proof. — The fact that a belongs to S^d (p) and that the operator Op(a) is a Fourier multiplier 
are straightforward. Now let us prove (2.1.1). We have 

Op{a)uiw) = 1— / tr (ui^^Piu)iX)Ax) \Xf dX, 

with Aa = Jlop'"{a)Jx. 

In view of the Plancherel formula (1.2.21) recalled page 19, to estimate the i7''~^-norm 
of Op(a)u, we evaluate the Hilbert-Schmidt norm of T I (Id — A]jjd)^~Op(a)u ) (A). We have 






J-((Id-AH,) — Op(a)u)(A) = J-(n)(A)AA(Id + DA) 

T f (Id - Ajj.)f n) (A)(Id + Da)"^^a(H + Z?a) 



s — jJ, 



s — fJ, 



In light of (1.4.8) page 30, the operators (Id + D\)~2A\{ld + D\)^ are uniformly bounded 
on C{J-L\) by C||6||„.5(m,M,g) which ends the proof of the estimate thanks to property (1.2.19), 
recalled page 18. This ends the proof of Proposition 2.2. D 

More generally, a pseudodifferential operator which is a Fourier multiplier has a symbol which 
does not depend on vo. For this reason. Theorem 4 is easy to prove in that case. 

Proposition 2.3. — Consider a and b two symbols of S^d{n) which do not depend on the 
variable w. Then Op(a)* = Op(a) and Op(a) o Op(6) = Op(6#a). 

Proof. — By the Plancherel formula, 

(Op(a)/,5) = ^ /tr((J-(5)(A))* J-(/)(A)^A)|A|'^dA 

T^^ Jr 

with Ax = Jlop'"{a{X))Jx. Therefore, 

PiOp{arg)iX)=P{g){X)Al. 
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The fact that A*^ = J^op^{a{X))Jx gives the first part of the proposition. 
Let us now consider Op(a) o Op(6). We have 

J-(Op(a) o Op(6)/)(A) = J-(/)(A) oBxoAx 
with Bx = Jlop'^{h{\))Jx. The fact that op'^{h) o op'^{a) = op'^{b#a) finishes the proof. D 

2.2. The link between the kernel and the symbol of a pseudodifFerential operator 

The kernel of a pseudodifferential operator on the Heisenberg group is given by (1.4.5) page 29. 
The following proposition provides an integral formula for the kernel of a pseudodifferential 
operator, as well as a formula enabling one to recover the symbol of an operator, from its 
kernel. 

Proposition 2.4- — The kernel of the pseudodifferential operator Op(a) is given by 

k{w,w') = —^ /e2^^(^-S''-^-^'V(a)(u;,A,e,C)e^^^''"'^+^"'^^'"^^"^*^'^'='"'=^dAdedC, 
where a{a) is defined in (1.4-1), page 27. 
Conversely, one recovers the symbol a through the formula 

(2.2.1) a{a){w,X,C,i])= [ ii^'^y'<-'''-'^h'^'' k{w,w{w'y^) dw' . 



Before proving the proposition, we notice that it allows to obtain directly the symbol of a 
pseudodifferential operator if one knows its kernel: the following corollary is obtained simply 
by using Proposition 2.4 and Relation (1.4.1) between a and a{a). 

Corollary 2.5. — Let Q be an operator on H of kernel k{w,w') such that for some ;U G R, 
the function defined for {w,£,,r]) G H'^ x M^'^ by 

(2.2.2) a{w,X,^,7]) =^ [ e^'VW(sgnix)y'-(~x'-n)^iXs'f^^^^^(^^ryi^^^, 



belongs to S'jjd(/x). Then Q = Op{a). 

Proof of Proposition 2.4- — Let us start by recalling (1.4.5), which states that 

k{w, w') = ^l tr (^^1^, J>p" {a{w, A)) Jx) | Aj'^dA. 

Note that everywhere in the proof, integrals are to be understood as oscillatory integrals. 
The Bargmann representation n^ and the Schrodinger representation v^ are linked by the 
intertwining formula u^ = K^v^Kx, so using the operator T\ = JxKx ^^ have 

k{w,w') = ^JtT(vt.,^,Tlop^{a{w,X))Tx) \XfdX. 
By rescaling it is easy to see that 



(2.2.3) T>p» {a{w, A)) Tx = op"" \ a \ w, A, V|A| •, 
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SO we get 

(2.2.4) k{w,w') = ^ / tr ( ^^l^,op- ( a { w,X,y/\X\ ", ^= ) | ) lA^dA. 



In order to compute the trace of the operator v^-i^,op^ i a Iw, X, \/\X\ ■, , we shah 

V V V\MJJ 

start by finding its kernel 0{$,,^'), and then use the formula (1.2.18) page 18, giving the trace 
of an operator in terms of its kernel. 

So let us first compute 0{^,^'), which we recall is defined by 



^^wop"' iaiw,\,^\;-^\\ fio = I ^(e,o/(o<- 



We also recall that 



op-'\a\w,X,y/\X\.,-= f{0= / A(e,0/(OC 



where as stated in (1.3.6) page 25, 

A{^, a = (27^)-' I e^«-«')-=a (w, A, VW\ (^^) , 7^] dE. 
Finally using Formula (1.2.33) page 22 defining u _i ,, we get 



where w = w ^w' . Using the relation (1.2.17) given page 18 between the trace and the kernel 
of an operator and (2.2.4) above, we infer that 

^K^') = ^^y"e^^(^'-'*-^+'*-«^-'^^-*aU,A,^^(e-x),^j|A|^ 
^ - f ei>^s+^w-^-^i<-ia I w, A, ^=sgn(A), -^ ) dX dz dC 



2vr2^+^ J \' '^m VIM, 

where we have performed the change of variables ^ — x = -— -sgn(A), and E = (. 

|A| 

To end the proof of the proposition, one just needs to notice that 

kiw,wiw')-') = ^^ I e-'^''-^'y'-'+^'^'<a{a){w,X,z,Odz dCdX 
and to apply an inverse Fourier transform (in the Euclidean space). D 
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2.3. Action on the Schwartz class 

The aim of this section is to prove Theorem 3, stating that if a belongs to S^d{p,) and p = +oo, 
then Op(a) maps continuously 5(EI^) into 5(EI'*). 

Before entering the proof of that result, let us point out that the smoothness condition (1.4.1) 
(see page 27) is necessary in order for Op(a) to act on S{M. ). A counterexample is provided 
in the proof of the next statement. Actually one can define Op(a) without that condition, 
and typically the counterexample provided below provides an operator which is continuous 
on all Sobolev spaces. 



Proposition 2.6. — Let fj, be an odd integer. There is a function a such that ||a||n;5 £j(^) 
finite for all integers n, and such that the operator Op(a) is not continuous over S{M. ). 



IS 



Proof. — Let us define fi = 2fc + 1 and the function a{w, A, ^, r]) = ^(A), where ^(A) = |A| ''"2 . 
Let /be defined by 

-^(/)(A)Fo,A = 0(A)Fo,A, J-(/)(A)F„,A = Va / 0, 

where (/> is a nonnegative, smooth, compactly supported function such that (j){0) = 1. An easy 
computation shows that / G 5(E[ ). Indeed writing 

f(uj) = ^JtT{ut-,P{fKX)) \X\U\ 

and using the definition of the Fourier transform of / given above, a simple computation 
shows that for some constant C, 

f{w) = C j e-'^'(t>We~\^\\'\' (" /"e-2|^ll«l'de) lAp'^dA 

which gives the result since (j) is smooth and compactly supported. Now let us consider Op(a)/. 
A similar computation shows that if N is any integer, then for some fixed constants C and C" 
one has 

s^Op(a)/(u') = C /s^e-^^^,^(A)^(A)e-l^ll^l'|A|'^dA 

= C" I e~'^'d^{<P{\)\\\'^A{\)e-\^\\-'\^)dX. 

For any fixed z, this is the (real) Fourier transform at the point s of the function 

A^a^(0(A)|A|'^^(A)e-l^ll"l'). 

Let us evaluate this integral at the point z = 0. Taking N large enough, the result is clearly 
not bounded in s. D 

Proof of Theorem 3. — Consider / G 5(HI ), and let us start by proving that Op(a)/ belongs 
to L°^(EI ). By definition of Op(a), we need to find a constant Co such that for all w G H , 



(2.3.1) 



t^{ul-,Hf){\)A^{w))\\\''d\ 



<Co. 
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Consider x a frequency cut-ofF function defined by x(^) = 1 for \r\ < 1 and xi''') = for |r| > 2. 
We write 

I tr (u^^,T{f)iX)Axiw)) \X\''dX = h + h 

where 

h =' Jtr {ut-,T{f){X)x{Dx)AxH) IM'dX 

and we deal separately with each part. 

Let us first observe that for any k gN and by Remark 1.7 stated page 19, we have 

\h\ < (^J\\nt,-^nf)im<i + Dx)%sinJM''dXy 

(2.3.2) X (^1 Wild + Dx)-''xiD,) Axiw)\\j,sin JM'dXy . 

Besides, using (1.2.19) page 18, there exists a constant C such that 

ll^^i-^(/)(A)(Id + Dx^Hsm) < C ||-F(/)(A)(Id + Dxj'WHsm), 
and 
||(Id + Dx)-'x{Dx)Ax{w)\\Hs(n,) < ll(Id + Dxr^Axiw)\\c^nJ{ld + Dx)'^'''x{Dx)\\HS(n,) 

< C\\(ld + D,)^->'x{Dx)\\HSin,) 
We then observe that on the one hand 

J-(/)(A)(Id + D,)' = J-((Id - Ae.)V)(A) 
so that by the Plancherel formula 

^ J II -F(/)(A)(Id + D,f\\l,^^JX\^dX = Wild - A^,)>^f\\l,^^,y 
On the other hand 
f \\{ld + Dx)^-'^x{Dx)\\ls(nJ>^\'dX = Yl J \m + Dx)^-'^x{Dx)F^,x\\nJM'dX 

= E / (1 + l^l(2|«l + d))^-" x(|A|(2|a| + d))\X\''dX, 

hence 

|||(Id + Z)A)t-'^x(^A)|lI,5lA|'^dA 

< C J^ (2m + df^^fil + |A|(2m + d)) 2-'=x(|A|(2m + d))|A|'^dA 
men "^ 

where we have used that the number of a G N such that |a| = m is controlled by m . 
Then, the change of variables (3 = {2m + d)X gives 

/'ii(id+D,)^-\(z),)iil,5iA|'^dA < c(y,-^] fxiwrn + im^-'^'d/s. 
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Therefore, (2.3.2) becomes 

VmeN / -^ 



for any k. 

A similar argument applies to I2 and allows to get 

VmeN 



x(|/3|)(l + |/3|)t-'=+'^d/3 



_ _ 3 _ 

where x is a frequency cut-off function defined by x(r) = 1 for \r\ > — ; and x(r) = 

for \r\ < —■ The choice k > 1 + d+ ^ achieves the estimate of the term 12- 

The end of the proof of Theorem 3 is a direct consequence of the following lemma. We will 
emphasize later other formulas of that type which will be useful in the following sections. D 



Lemma 2.7. — For any symbol a G Sj^d{fi) and j € {I, . . . ,d}, there are symbols b- ,b- 
belonging to Swnd{fi + 1) and c"- ,c^ G S^d{iJ. — 1) and p G S^d{fi) such that 



Cj = —j={a,i^j - sgn{X)rij} and of' = ^ ^^— {a,i^j + sgn(A)?7j}. 



[Z, , Op(a)] = Op{bf), [Zj , Op(a)] = Op(6f ), 

[z, , Op(a)] = Op(f )), [z, , Op(a)] = Op(cf ), 

[is,0p(a)] = 0p(p). 
In particular, one has 

bj = Zja + ^/\X\{a,r]j + isgn(A)^j} and bj = ZjO + ^/\\\{a,r]j - isgn(A)^j}, 

1 
2V|Ar ^ - ^ ^ 2^A| 

Rem,ark 2.8. — Notice that contrary to the classical case (see [1] for instance), [Zj , Op (a)] 
is an operator of order fi + 1 instead of n, due to the additionnal Poisson bracket appearing 
in the definition of b- (and the same goes for [Zj , Op{a)]). 

On the other hand, [zj , Op(a)] and \zj , Op(a)] are of order fi — 1 as in the classical setting, 
but [s, Op(a)] is only of order fi. 

Let us now prove Lemma 2.7. 

Proof. — Let us consider a function / in 5(H ), and a symbol a belonging to S'jjd(/i). We 
have for 1 < j < d, 

Z,Op(a)/H = ^ I tr (z,(n^_0-^(/)(AMAH + ^Vi-F(/)(A)Z,^;,H) 1^ 

with ZjAxiw) = Jlop'"{Zja{w,X))Jx. 
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Thanks to Lemma A. 3 page 101, we have ZjU^^i = Q^u^^i, recalHng that Q^ is de- 
fined in (1.2.25) page 19. Therefore, since F{Zjf){\) = J^{f){\)Q^, and using the fact 
that iT{AB) = tr(SA), we obtain 

2d-i 

We then use (1.2.37) page 22 to find, for A > 0, 



[Z, , 0^{a)]f{w)='^J tT[ui^,Hf)W(\A^{w),Qf\ + Z,A,^{w)))\\\'' d\ 



Ax{w),Q 



T* 



op^{a{w,X)), V|A|(%-e,) 



Jx 



Jx. 



and for A < 0, 

'AxH,Q^] = J*x [op'"{a{w,X)) , v^(95^, +^,)" 

Therefore, by standard symbohc calculus, using in particular the fact that if 6 is a polynomial 
of degree one in (^, ??), then 



(2.3.3) 
we get 



1 



[op^{a),op^{b)] = -op^{{a,b}) 



Ax{w), Q^] + ZjAxiw)) = Jlop"" (^/\{a{w, X),i]j + i^j} + Zja{w, A)) for A > 0, 



(^ [Aa(u;), gj^] + ZjAxiw)^ = Jlop^ [^/^{a{w, X),7]j - i^j} + Zja{w, A)) for A < 0, 

which are the expected formula. We moreover observe that if a G S^d{n) and 1 < j < d, 
then ^y\X\^^.a and v|A|^'?j^ ^^^ symbols of order jj, + 1. Indeed since a is of order ^, there 
exists a constant C such that, for A; G N and /3 G N , 



'i(,rir 



{Xdxfd.jV\Md^,a) < Cv^^'"'(l + |A|(l + |eP + |r/P)) 



M-|/3|~l 



< C7^^""(l + |A|(l + |e|' + N2))'^'^"'" 



A similar computation gives the result for [Zj,Op{a)]. 



Let us now consider the other types of commutators. For / G 5(IHI ) and 1 < j < d, we have 
[z„ Op{a)]f{w) = ^ f{z, - 4)tr {ui^,^,Ax{w)) f{w') \X\''dXdw'. 



By Lemma A. 2 page 100, we have ZjU^^ = —r[Qj,Uw]- Therefore, setting w = w w' = {z, s), 

2A "^ 
we get, using (1.2.37) page 22 along with the fact that Ax{w) = J^op^{a{w, X))Jx, 



2A 
sgn(A) 



2VIA| 
1 



tr ([Jlid^^ + sgn{X)^,)Jx,u^]Ax{w] 
tr (Jl[d^^ + sgn{X)^j,Jxulr^]op^{a{w,X))Jx 



tr [op^iaiw, A)), sgn(A)% + ^,] Ja< J^ 
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By standard symbolic calculus, this implies that 

(2.3.4) tr (^z,u^Ax{w)) = -j=tv (u^Jlop^a^, sgn(A)r/,- - i(j})Jx) 



which gives the announced formula. Besides, the same argument as before gives that if a is a 

1 1 

symbol in S'jjd(/u) and ii I < j < d, then — d^^a and — drj^a are symbols of S^d{iJ, — 1). 

Indeed, for A; G N and /3 G N^"* 



\kr:,l3 



''*"«'" [W'''^, 



< C|A|M(l + |A|(l + |{p + M'))"'»'"' 



A similar argument gives the result for the multiplication by Zj. In particular, one finds for 
all AgM*, 

(2.3.5) tr (j^u^Axiw)') = "T^tr {u^Jlop'^aa, sgn{\)ij, + iCj})Jx) ■ 



Finally, let us consider the last commutator. We have 

[is, Opia)]f{w) = ^ fz{s- s')tr (u^^,^,Ax{w)) f{w') \\\''dXdw' 



Since with w = w ^w' , we have s = s' — s — 2Im(z2;') and in view of the preceding results, it 
is enough to observe 

' isti (ui-i^,Axiw)) f{w') \X\^d\dw' 



^ ' tr (ui-r^,Jlop^{g)Jx{w)) f{w') IXl^dXdw' 



< 

where we have used Lemma A. 4 stated page 102 and where g is defined by (A. 2. 4), whence 
the fact that [is, Op(a)] is a pseudodifferential operator of order //. D 

We then observe that the arguments of the proof above give the following proposition. 
Proposition 2.9. — For j e {1, . . . ,d} and a G S^d{fi) in CP{M.'^) with p > 1, we have 

ZjOp{a) = Op(^Zja + a#^/\X\{-sgn{X)Cj+iVj)), 

Op(a)Z, = Op (vl^(-sgn(A)e,- + i??,)#a) , 

Z,Op(a) = Op(Zja + a#y^\isgn{X)Cj+iVj] 

Op{a)Z, = Op(v^(sgn(A)e, + ir/,)#a). 

Besides, for A^ G N and p > 2N , then {— Aj^d)^ Op{a) and Op(a)(— Ajjd)^ are pseudodiffer- 
ential operators of order p + 2A. // A; G M and p > 2k then Op(a)(Id — Ajjd)*^ and (Id — 
A]gd)*^Op(a) are pseudodifferential operators of order p + 2k. 
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Proof. — The four first relations are by-product of the preceding proof and they directly imply 
that (— A]g[d)^Op(a) and Op(a)(— Ajjd)^ are pseudodifferential operators. Then for fc G M, 
we write 

Op(a)(Id - Ajjd)V(t«) = ^ / tr (nV,^(/)(A)(Id + D,)'^A,iw)) |A|^dA. 

Observing that 

(Id + DxfAxiw) = Jlop"" (mi'^#a{w, A)) Jx, 

where 'm2k is the symbol defined by (1.4.7) page 29, we obtain that Op(a)(Id — Ajjd) is a 
pseudodifferential operator of order /x + 2k. We argue similarly for Op(a)(Id — Ajjd)'^. D 



CHAPTER 3 



THE ALGEBRA OF PSEUDODIFFERENTIAL 

OPERATORS 



This chapter is devoted to the analysis of the algebra properties of the set of pseudodifferential 
operators. The two first sections are devoted to the study of the adjoint of a pseudodifferential 
operator: we first compute what could be its symbol, and then prove that it actually is a 
symbol. In order to prove that fact, the method consists in writing the formula giving the 
symbol as an oscillatory integral, and in writing a dyadic partition of unity centered on the 
stationary point of the phase appearing in that integral. This creates a series of oscillatory 
integrals which are all individually well defined (since each integral is on a compact set). The 
convergence of the series is then obtained by multiple integrations by parts using a vector 
field adapted to the phase, as in a stationary phase method. 

The approach is similar for the analysis of the composition of two pseudodifferential operators 
and this is achieved in the third section. Finally, asymptotic formulas for both the adjoint 
and the composition are discussed in the last section. These formulas result from a Taylor 
expansion in the spirit of what is done in the Euclidian space but adapted to the case of the 
Heisenberg group. 



3.1. The adjoint of a pseudodifferential operator 

In this section, we prove that the adjoint of a pseudodifferential operator is a pseudodifferential 
operator. We first observe that if a G Sj^d{n), then A = Op(a) has a kernel kA{w,w') as 
given in (1.4.5) page 29, and the kernel of A* = Op(a)* is k{w,w') = kA{w',w), whence 

kiw,w') = ^ ftr(iul,^_,J*Jlop-{aiw',X)yJx)\M''dX 

(3.1.1) = ^ /" tr (uj^)-i^, J*xop^ {a{w',X)) Jx) jAj'^ciA 

where we have used the fact that tr(^i?) = \x{BA)^ the formula for the adjoint of a Weyl 
symbol, and tr(i?) = tr(i?*). Therefore, in view of Corollary 2.5 stated page 36, if Op(a)* is a 
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pseudodifferential operator, its symbol a* will be given for all [w, A, ^, 77) G EI x M* x M by 

(3.1.2) X tT{u^^,y^Jl,op'"{a{w{wy^,>:))Jx^\>!\'^d>!dw'. 

It remains to prove that the map a 1— )■ a* which is well defined on 5(]HI x M ^ ) can be 
extended to symbols a G S^d[^) and that for such a, their image a* is also in S^d[^). 
Therefore, it is enough to prove the following proposition. 

Proposition 3.1. — The map a >-^ a* extends by continuity to S^d{i-t) since for all k & N 
there exists n G N and C > such that 

Va G S^diji), ||a*||fe;5gd(M) ^ C||o|ln;5gd(M)- 

It is not at all obvious that the formula (3.1.2) for a* gives the expected result for the examples 
studied in Section 2.1 of Chapter 2. To see that more clearly, it is convenient to transform 
the expression of a* into an integral formula. 

Lemma 3.2. — Let a £ 5(EI'* x 1^^^^+^), then the symbol a* 0/ Op(a)* given in (3.1.2) can 
also be written 

a* (w, A, C, ri) = ^ I ^2iy/\\\{sgn{\)y'-ii~x'-r,)+is'{\-\')-2i^\{sgn{\')z-y'~C-x') 

y<a{w{w')~ , a', z, C) |A'| d(dzdX'dw'. 

The formula given in Lemma 3.2 allows to revisit the examples of Section 2.1, Chapter 2. 
Indeed if o = o(A,^,r/), then integration in s' gives A = A', then integration in x' (resp. y')) 
gives C = ^ (resp. z = y'); whence a*(w, A,.^, ??) = a(A,^,r/). 

If a = a{w), then integration in ( (resp. ^) gives x' = (resp. y' = 0); then integration in s' 
gives A = A', whence a*{w) = a{w) as expected. 

Rem,ark 3.3. — Let cF{a) be defined by (1.4-1) page 27, then cr(a*) and a{a) are related by 

(3.1.3) aia*){w,X,tv) = ^J ^^y'■ii-^-2^.'■i^-0+^s'ix^y) 



X a{a) (^w{w') , X' ,z,() dCdzdX' dw' . 

Proof of Lemma 3.2. — The first step consists in computing the trace term using the link 
between the trace and the kernel stated in (1.2.18) page 18. So let us start by studying the 
kernel of our operator. Using J\i = TyKy, we write 

(3.1.4) tr (uj;,)_i Jl,op^ {a{w, A')) Jx') = tr (^Kyull,,y^Kl,T*yop^ {a{w, A')) Ty) 

where w = w{w')~'^ and we observe that Kyu},)-iKy = w^^/wi where v^,^,)-i is the 
Schrodinger representation given by (1.2.33) page 22. We shall use the same type of method 
as for the proof of Proposition 2.4. We recall that if U is an operator on L^(R ) of kernel 
kuiC,C')j then the kernel of the operator 

fj def A' TT 
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is the function kjy given by 



This conies from the definition of the kernel in (1.2.17), page 18, and the definition of v^ ,)-i 



in (1.2.33), page 22. We take now 
As in (2.2.3) page 36, we have 

A 



and using (1.3.6) page 25 this gives 

ku{^,a = {27Tr' I af^u;0-\A',^Alfi±i^y^^e^=«-«')(iS. 
Jw^ \ \ ^ J vl^l/ 

This iniphes 
tr(C/) = / k^{i,i)di 

= [ e-*^'(^'+2-'-s/'+V-0A;^(^ + 2x', C)dC 

= (27r)-'^ / e-i^'{s'+2x'-y'+2y'.^)+2iE:'- ( ^(^yj')-\ V, y^\{C + x'), -^] dE d^. 



We finally obtain via (3.1.2) and (3.1.4) 

a*{w,\i,ri) ^ I ^2i^\{sgn{\)y'-S,-x'-r,)+is'{\~\')-2i\'(x'-y'+y'-0+2ix'-E. 

xa| w{w'y^,y,^/\>J\{^ + x'),^==\ \X'fdEd^dX'dw'. 



2-ji2d+l Jj^2d+l y, pd 



The change of variable y |A'|(.^ + x') = sgn(A')z and H = y |A'|C gives the formula of the 
lemma. D 



3.2. Proof of Proposition 3.1 

To prove Proposition 3.1, we shall use Remark 3.3 and Proposition 1.23. Our aim is to analyze 
the symbol properties of the oscillatory integral of (3.1.3) in order to prove that what should 
be the symbol of the adjoint actually is a symbol. More precisely, we want to prove that for 
all k £ N, there exists a constant C > and an integer n such that for any multi-index /? G N 
and for all ?n, G N, if m + |/3| < k, then 

Vy e R'', VA / 0, (1 + |A|(1 + y2))^ \\{Xd,y-dl^^^a{a*){-,\Y)\\^^^^^^ < C||a|U^5,,(.). 



The first step consists in proving this inequality when A; = 0, then, in a second step, we will 
suppose A; > 1 and consider derivatives of the symbol a{a*). 
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We follow the classical method of stationary phase, as developed for instance in [1]. Noticing 
that the phase in (3.1.3) is stationary at the point (0, 0, 0, C, r/, A) in M"* x M'^ x M x M'^ x M"' x M, 
we introduce a partition of unity centered at zero: 

1 = ^p{u) + Y, V'(2~*'n), Vn G R^^+^ 
peN 

where ip is compactly supported in a ring and ^ in a ball. Then decomposing the inte- 
gral (3.1.3) using that partition of unity, we notice that each integral 

bpiw, A, e, r/) t^ -^^ f V (2-V, 2~Py', I'^^s', l-^iz - 0, 2-^(C - r]), 2"P(A' - A)) 



^ ^2iy'ii-z)-2ix'-{r,^0+is'(\~\')^(^a^ (^Uj{w'y\ X' , Z, () dC dz dX' dw' 

is well defined since it is on a compact set. Notice that this is not the usual Heisenberg 
change of variables as could be expected, but for technical reasons this change of variables 
seems more appropriate. The convergence of the series X]„gf^ bp will come from integrations 
by parts which will produce powers of 2~p. Indeed, the change of variables 

x' = 2'PX, y' = 2Py, s' = 2^8, z = ^ + 2^^, C = r] + 2Pv, A' = A + 2PA 
gives with w{p) =^ w ■ {2PX, 2PY, 2PS)-^ 
bp(^^ ^' ^' V) = fS^ / i^{X,Y, S, n, V, A) ,-^^^n2y-u-2X..+SA) 



X cj(a) (wip), X + 2PA, e + 2Pu, t] + 2*'t>) du dv dX dY dA dS. 



Let us define the differential operator 



L = -{X' + Y' + S' + u' + v' + AT ( ^Xd, + -vdx - -Ydu - -udy - SdA - Ads 
which satisfies 

T -i2'^P (2Y ■U-2X -v+SA) _ 92^ -J22p(2y-M-2X-i)+5A) 

We remark that the coefficients of (L*) are uniformly bounded on the support of tp. Per- 
forming N integration by parts (here we assume that p > N) we obtain 

r,-p(2N-M-2) f 



X {L*f U {X, Y, S, u, V, A) a{a) {w{p), X + 2PA, C + 2^^, t] + 2^^;) ) dudv dX dYdAdS. 
We then use that cr{a) satisfies symbol estimates, so 



{LT ^(a) {w{p), X + 2PA, e + 2%, r/ + 2^1;) 

< C2P^ \\a\\N,s,,M (1 + 1^ + 2"A| + le + 2Ptx|2 + Ir, + 2^^')'^^' • 

Peetre's inequality 

(1 + |A + 2PA| + \C + 2Puf + I?? + 2Pv\^Y''^ 

< (1 + |A| + ^2 ^ r/^)'^/' (1 + |2PA| + \'iPu\^ + |2Pt;|2)l^l/' 
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yields 

{l + \\\+e + ri'y^'^\{L*f^^{w{p),\ + 2^Ki + 2Pu,r^ + 2^v) 

< C ||a|U,5,,M (1 + |2^A| + |2^^p + |2^t;|2)l^l/^ . 
Therefore, 

which gives the expected inequahty for /c = choosing N > Ad + 2 + \ii\. 

Let us now consider derivatives of a{a*). We observe that by integration by parts, 
dx(j{a*){w,\,i,ri) 

^2^y'■i(-z)-2^.'■ir,-0+^s'{X~X')^' ^ (ii;(u)')"\ A', Z, () dQ dz dX' dw' 



2712^^+1 Lad+i 



X 



Ud 



1 



27r2d+i 



^2iy'-(i~z)-2i.'-(r,-0+is'{X~X')Q^^ J^^(^) («;(«;')"', A', ^, C)) dC dz dX' dw' . 



Since for m G N, d^a{a) satisfies the same symbol estimates as a{a), the arguments developed 
just above allow to deal with the derivatives in A. Similarly, integrating by parts 

2vr''+'6-%^(«*)("'>A,^,7?) 



e 



I 

2 l-a'M+l ^ myd 



2Z / ^2iy'■{^-z)-2ix'■{^~0+^s'{X-X')y,^^. ^(^) (^^ y ^ ^^ ^^ ^^ ^^ ^y ^^/ 

2iy'-{i~z)-2ix'-{r,-0+is'{X-X')Q_^^^Q^^^ _ ^i^.) {^) {{jj ^ X\ Z , ()) dQdzdX'dw, 



with w = w{w')~^. So, for m G N and a G N^ , {ijd£^^)^(T{a) satisfies the same symbol esti- 
mates as cj(a), thus we can treat these derivatives as above with exactly the same arguments. 
Besides, it is also the case for derivatives in rj. This concludes the proof of Proposition 3.1. D 



3.3. Study of the composition of tvi^o pseudodifferential operators 

We consider now two pseudodifferential operators Op(a) and Op(6) and study their com- 
position. We shall follow the classical method (see for instance [1]) consisting in studying 
rather Op(a) o Op(c)*, where c is such that Op(c)* = Op(6). 

We recall that if A (resp. B) is an operator of kernel kAiw,w') (resp. kB{w,w')), then the 
kernel of A o i? is 



kAoB{w,w') = / kAiw,W)kB{W,w')dW. 

If moreover B = C* with C of kernel kc{w,w'), then 



kB{w,w') = kc{w',w). 
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Those (well-known) results applied to A = Op(a) and C = Op(c), imply that the opera- 
tor Op (a) o Op(c)* has a kernel k{w,w') given by 



(3.3.1) k{w,w')= kA{w,W)kc{w',W)dW. 

If Op(a)oOp(c)* is a pseudo differential operator of symbol d, then, by Proposition 2.4 page 36, 
the symbol d is given by its associated function a{d) which satisfies, 

(3.3.2) a{d){w,X,^,r])= f e^''^y'<'^'-'''''>+'^'' k{w,w{w')-^) dw' . 

We shall now study the map (a, c) i— t- d which is well defined for a, c G 5(]HI ). 

Proposition 3.4- — The map {a,c) i— )■ d extends by continuity to S'jjd(;u) x S^d{iJ,') since for 
all k £ N there exist n G N and C > such that 

Note that the Proposition implies that the symbol d oi Ao B satisfies 

I|c?IU;V(m+^') - C'II«IU;VM \Mn;S^d{lJ.') 

since c is the symbol of B* and ||c||„.5 ^(^/) < C ||fo||„;5 j(^') for all n G N by Proposition 3.1. 

Proof. — The proof is very similar to the one for the adjoint written in the previous sec- 
tion: one writes the function cr{d) as an oscillatory integral that we study with standard 
techniques. We first obtain, thanks to Proposition 2.4 page 36, (3.3.1) and (1.2.1), that the 
kernel of Op(a) o Op(c)* is 

1 



k{w,iu) = ,^^2d+l)2 / '^(«)(^i'^li^l'Cl)0-(c)(u;,A2,Z2,C2) 

^^iX^s^+2iyi-zi-2ixH,^iX^S2-2iy2-Z2+2iC2-X2^^_^ ^^^ j^^ ^^^ dCl dC2 dW 

where w~^W = {xi,yi,si) and u)~^W = {x2,y2,S2)- Therefore, recalling that 

a{d){w,X,C,7])= f e^'^y'-^-'-''-i^+'^''k{w,w{w'r^)dw' 
where k is the kernel given above, we get 



(3.3.3) a{d){w,\,i,rf) = —^^^j-^ja{a){w,\i,zi,Ci)a{c){w{w') ,A2,22,C2) 

^ ^mw,u,' MM,zi,z2,Ci,C2) ^Xi d\2 dzi dz2 dCi dC2 dW dw' , 
where the phase function ^ (depending on w, A, S, and r/) is given by 

(3.3.4) $ = As' + Aisi - A2S2 + 2{y' ■ ^ + yi ■ zi - y2 ■ Z2) - 2(x • r/ + xi • Ci - xs • C2) 

with wi = {xi,yi,si) = w~^W and W2 = {x2,y2,S2) = w'w~^W; in particular W2 = w'wi so 
writing W = {X, Y, S) and using the group law on EI , we have 

xi = X - x, X2 = X - X + x' , yi = Y -y, y2 = Y-y + y',si = S-s- 2Xy + 2xY, 

(3.3.5) S2 = S-s + s' - 2{x' -x)-Y + 2{y' - y) ■ X + 2x ■ y - 2y ■ x. 
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The function $ is polynomial of degree 3 in its variables and straightforward computations 
give 

dx,<^ = si, dx,^ = -S2, 9,,$ = 2yi, d,,<^ = -2y2 

%$ = -2xi, %$ = 2x2, ds'^ = X-X2, ds<^ = Xi-X2 

5,,$ = -2(7? - C2) + 2X2{Y - y), dy,-^ = 2(C - Z2) - 2A2(X - x) 

dx^ = -2(Ci - C2) - 2X2y' + 2y{X2 - Ai), dy^ = 2A2X' - 2x(A2 - Ai) + 2(zi - Z2). 

Therefore, one can check easily that the phase ^ satisfies (i$ = if and only if 

w = W, w' = d, A = Ai = A2, zi= Z2 = C, Ci = C2 = V- 

In the following we shall denote by C/q G M that critical point, with D = 4(2d + 1): 

def 
C/o = (x,y,s,0,A,A,^,^,r/,r/). 

By a tedious but straightforward computation, we check that ^{Uq) = 0, (i<I>([/o) = ^"^^ 
that cP(^{Uq) is invertible for all {w, X,$,,7]): computing the Hessian matrix (P^(Uo) one 
notices easily that each lign of the matrix has at least one constant term (and the others are 
either zero or linear in X,x,y). 

We then argue as in the proof for the adjoint by use of a partition of unity centered in the 
point Uo where $ degenerates. For simplicity we denote the new set of variables by 

V = {X,Y,X,x',y',s',Xi,X2,zi,Z2,Ci,C2)(^^''. 

In the phase <I> there are terms of order 3 and we observe that the only derivatives of order 3 
which are non zero are 

dx,x,,y'^ = -2 and a3.,^,,,<I> = 2. 

We write, for any point f/ £ M , ^{U) = ^o{U — Uq) + G{U — Uq) where by a direct application 
of Taylor's formula, one has 

VFGM^, <^oiV)=^^DHiUo)V-V and G(F) =^ (A2 - A) ((F - y) • x' - (X - x) • y') . 

We are therefore reduced to the study of an integral under the form 

1= f f{U)e'^^^Uu, 

where we have defined 

(3.3.6) Vt/GM^, f{U) = a{a){w,X,,zuCi)W)iw{w')-\X2,Z2,C2)- 

We shall decompose this integral into a series of integrals by a partition of unity: 

1=1 /(f/)e^*(^)C(f/ - Uo)dU + E /, f{Uy''^^\{2-'i{U - Uo))dU 

= / /(C/)e^*(^)C(f/ - Uo)dU + E 2''' /^ f(Uo + 2'?y)C(F)e^=^'^*«(^)+*23.G(y)^^^ 

where ( and (" are functions defining a partition of unity, in the sense that they are nonnegative, 
smooth compactly supported functions ((" in a ball and (" in a ring) such that 

Vf/GM^, C(^-t/o)+J]C(2-«(f/-f/o)) = l. 

qen 
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Each integral is now well defined, and the main problem consists in proving the convergence 
of the series in g G N, as well as in proving symbol estimates. We shall concentrate on the 
second integral and leave the (easier) computation in the case of ( to the reader. 



Consider 



def 



2iD I f(^Uo + 2'?F)C(F)e^'''*«(^)+*23.G(y)^^^ 



We shall use a stationary phase method, which will be implemented differently according to 
whether in the phase 2'^'^^q{V) + 2'^'^G{V), the dominant term is the first or the second of the 

two terms. More precisely, let 6 g]0, — [ be any real number and let us cut the integral Iq into 

two parts depending on whether |VG(y)| < 2^^^^^ •* or not. For this, we introduce a smooth 
cut-off function x £ Cg°(M) compactly supported on [—1, 1] and write Iq = l}. + I^, where 



/, 



1 def 



def 



2.D /"^ (^22^(1+5) |vG(y)p) /([/o + 2^F)C(F)e^=^'^*«(^)+^23««(y)^^ ^^^ 
2^D /■(! _ ^) (22^(1+5) |vG(y)|2) /([/o + 2^F)C(F)e^22^*«(^)+^23.G(y)^^_ 



Let us first analyze I^. We introduce the differential operator 

^d_efl V^o(y) ^ 



i |V$o(l^)P 



which satisfies 



L 



N 



J229<I>o{\/) 



22Afggi229$o{V)_ 



Note that the computation of the Hessian mentioned above allows easily to obtain a bound 
of the following type for V<I>o: 



(3.3.7) 



VFeSuppC, ||V$o(^)ir < 



C 



l + |A| + |a:| + |y| 



where C is a constant. It follows that L is well defined, and its coefficients are at most 
linear in A, x and y. One therefore checks easily that on the support of C, the operator (L*)^ 
has uniformly bounded coefficients (the bound is uniform in V as well as in w, A,^ and r/). 
Therefore one can write 



dV. 



1] = 2'?«2-2^« / e^2=^'*o(^)(L*)^ [aV)x (22«(i+^)|VG(y)|2) ^^""'^'') f {Uo + 2W) 
Using the Leibniz formula, we have 
(3.3.8) |(L*)^ \c,{y)x f229(i+'5)|VG(y)|2) e^2''G(V)j(^^ ^ 2«y) 

|^|+|m| + |n|<Ar 

where ^, m, n are multi-indexes in N and where (^ is a function, compactly supported on a 
ring, defined by 

C(F)= sup \cPC{V)\. 



d\f{Uo + 2'iV)) a«(e^2''G(y)) d"" (xh'^''^^+^'^\^G{V)\'^)) \C{V)\ 
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Now the difficulty consists in estimating eacli of the three terms containing derivatives on the 
right-hand side of the above inequality. Recalling that / is defined by (3.3.6), / satisfies the 
following symbol-type estimate: 

\d\f{Uo + 2iV))\ < C2l^l'? sup {l + \X + 2'^Vj,\ + \C + 2''Vj,\^ + \r] + 2'^Vjf)'^ 



{jl,...,J6}&{l,-D}'i 



|2 I 1^ I o<7T/ |2\ 2 



(3.3.9) X (1 + |A + 2'iVj,\ + le + 2«FjJ^ + |r? + 2«y„| 

Now let us prove an estimate for the second term. We use Faa-di-Bruno's formula, which in 
general can be stated as follows: 

D>""')[/.,.....M=EE E -r^ 

o-eo-iv p=lriH yrp=N ^ '■ 

X e^(^)[D^iF(y)(/i,(i), . . . , /i,(,,)), . . . , D^-F{V){Ki^M-r,+i),- ■ ■ , K{N))]- 

But on the support of C, the function G is bounded as well as its derivatives, so this implies 
that on the support of x-, 

P=lri+-+rp = |n| ^^ 

def 
where K = cardjj, rj = 1} is the number of integers j in {1, • • • ,p} such that rj = 1. We 

notice that the worst situation corresponds to the case when {j, rj = 1} = 0, which means 

in particular that rj > 2 for all j (in the above summation it is implicitly assumed that 

the rj are not zero). The largest possible p for which such a situation may occur \s p = |n|/2 

(or (|n| — l)/2 if \n\ is odd). But one notices that since 6 < 1/2, 

2 2^ < 22|"|p-<5|"b 

so using the fact that for any p < \n\ one has clearly 2^^''"'"? < 2^l"l'?~l"l'?" we infer that 

(3.3.10) |9'^(e*2''^(^))| < C2'^\n\q-\n\qS _ 

Finally let us consider the last term, namely d'^ (x (2'^''^^^^^VG{V)\'^^^ . Taking \m\ = 1 
and writing dj for any derivative in M we have 

, D 

^d, (x (22''(i+^)|VG(y)|2)) = 22'?(i+^)y (225(i+^)|VG(y)|2) j;4G(y)a,G(y) 

which can be written 

^dj (x (22«(i+'^)|VG(y)|2)) = 2^(i+'5) ^/i, (2'?(i+^)VG(y)) df^G{V), 

i=l 

where hi is the smooth, compactly supported function defined by 

So, using that the derivatives of G are bounded and by Leibniz formula, one gets 

dj (x (22'?(i+^)|VG(y)|2)) < G2'>^'+'\ 
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and arguing in the same way for higher order derivatives one finds finally 



gm / (2'^i(:^+^)\\7G{V)\^)) < C'2l™l«(i+'5). 



(3.3.11) 



Plugging (3.3.9), (3.3.10) and (3.3.11) into (3.3.8), we get 



2-2qN+qD 

<c 



{L*f \c{V)x (22'?(i+^)|VG(y)|2) e^2''^(^)/(C/o + ^''V) 



sup y^ 2^e\q22\n\q-\n\q52\m\qil+5) 

{ii,-j6}e{i,...D}'«|^l+l^l+l„l<^ 



X (1 + |A + 2'^Vj,\ + le + 2«yj,p + \r, + 2% 



"j-ii 



X (1 + |A + 2'iVj,\ + le + 2''Vjf + \7] + 2%f) 2 . 
Noticing that 

2-2qN+qD ST^ 2Kl92^l"l^"l"l^'^2l™l''(^+'^) < (72^^(2"^^'^ + 2^^^''"^)) 

it suffices to choose N large enough and to use Peetre's inequality as in the case of the adjoint 
to conclude on the summability of the series, and on the symbol estimate on ^ I^. 

Let us now focus on Ig. In that case <l>o is no longer predominant, so we shall use the full 
operator 

. ....defi vci>o(y) + 2WG(y) 

which is well defined on the support of C and satisfies 



LqiV) 



J22'?#o(V)+i239G(y) 



22q gi22'?$o(V)+J23'?G(y) 



This implies that I^ is equal to 



2qD-2Nq j(^L,{Vyf [(1 - x) (22(i+^)5|VG(y)p) /(C/o + 2«F)C(y)] e^22.$„(y)+i2«^G(V)^y^ 



and it is not difficult to prove by induction that for A^ G N, the operator (L*)^ is of the form 

(Lq) nV)-^ 2^ |cI>o(F) + 2«VG(y)P^ ^^^^^' 

where the /« are uniformly bounded functions on the support of (. As in the case of I^, we 
apply the Leibniz formula to write 

a° [(1 - x) (22(i+%|vG(y)|2) f{Uo + 2'iv)C{v) 

<C Yl \dHfiUo + 2'^V))\ |a™((i-x)(22'?(^+')|VG(y)p))||c(y)l, 

|^|+|m|<|Q| 

where £ and m are multi-indexes in N and where C is a function, compactly supported on a 
ring. The first term of the right-hand side was estimated in (3.3.9), and the second one may 
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be estimated similarly to (3.3.11) since as soon as \m\ > 1, the support of 5™'(1 — x)(^) is in 
a ring far from zero. It follows that 

9" f(i - x) (22(i+'^)'?|vG(y)p) /([/o + 2«y)c(y)] <c Yl 2i^i«2i'"i«(i+^) 

|£| + |m|<|a| 

X sup {l + \X + 2iVj,\ + \C + 2%.f + \r] + 2%f)'^ 

{ji,...,J6K{h-DV 

X (1 + |A + 2'?FjJ + 1^ + 2'^Vjf + \r] + 2%f)'^ . 

Since on the other hand, on the support of (1 — x) (2^(^+^''|VG(y)p) and on the support 
ofC, 

/o(y) + 2'?/i(y) + ...2^Vfe(^) 



< /^o^^'?92fe9(l+<5) 



|$o(^) + 29VG(y)|2fe 
this implies that 

Xf 't^ {L.iVyf [(1 - x) (22(i+^)''|VG(y)p) f{Uo + 2'?y)C(y)' 
may be bounded by 



N 



\x^\ < cy^ y^ y^ 2-'=«2^^(^+^)«2i^i«2i'"i«(^+'') 

fc=0|a|<Af-fc|^| + |m|<|a| 

X sup {l + \X + 2%,\ + \^ + 2iVj,\'^ + \r] + 2iVjf)^ 

{ii,-,i6}e{i,...Z)}d 



X (1 + |A + 2^Vj,\ + le + 2''Vjf + \i] + 2'^Vj, 



J6\ 



Since 



N 



fc=0|a|<Af-fc|^| + |m|<|a| 

we conclude that 

-N,+2N5,+ND g^p (1 + |A + 2%,\ + le + 2'?y,,|2 + |^ + 2''V,f)^ 

{jl,...,J6}<^{l,-D}'i 



Xf < C2" 



X (1 + |A + 2%,\ + \C + 2%,\'^ + \r] + 2iVjf) ^ . 
The choice of 5 g]0, 1/2[ allows to conclude as in the previous proof via Peetre's inequality. 

The analysis of derivatives of cr{d) is very similar. Let us for the sake of simplicity only deal 
with the A-derivative, and leave the study of the other derivatives to the reader. Taking a 
partial derivative of a{d), defined in (3.3.3), in the A direction produces a factor is' in the 
integral, namely 



dxcr{d){w,X,tr]) 



(2vr2a!+ 



n2 



is'a{a){w, Ai, zi, Ci)cr(c)(tt;(u7') \ A2, Z2, C2) 

^^ii>{W,w'M,X2,zi,z2,Ci,C2)^Xi d\2 dzi dz2 dCi dC2 dW dw' . 
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But one notices that 

Q^^(gi${WX,Ai,A2,.i,.2,Ci,C2)) = _i^s-s + s' + 2xY - 2yX - 2x'(Y - y) + 2y'{X - x)) 

which can also be written, using (3.3.5) 

is'e'^ = i-dx^ - isi)e'^ - i{-2x'yi + 2y'xi)e^*. 

On the other hand an easy computation, using the formula defining <1> in (3.3.4) above, allows 
to write that 

isie^* = 9Aie^*, 2iyie^* = a.^e^*, and - 2ixie** = %e^* 

so we find the following identity: 

is'e^* = {-dx2 - dx, + x'd,, + y'acJe^*. 

Finally {2T^'^'^+^fdx(T{d){w,\i,r]) is equal to 

e* dx2(^{c){w{w')^^ , A2, Z2^ (2)o-{a){w, Ai, zi, Ci)dXi d\2 dzi dz2 d(i dC,2 dW dw' 

+ / e''^ dxj^cr{a){w, Xi, zi, (i)(^ic){w{w'y^ , X2, Z2, C2)dXi dX2dzi dz2dCi dC,2dW dw 

+ I e'^'^dz^o-{a){w, Xi,zi,(i){x — x')a{c){w{w')'^, X2, Z2, C2)dXi dX2 dzi dz2 dC,i dC,2 dW dw' 

e* xdz'^(T{a){w, Ai, zi, C,i)(j{c){w{w')'~ , A2, Z2^ C2)dXi dX2 dzi dz2 d(i dC,2 dW dw' 

e"-"^ 8(^^(7 (a) {w, Xi,zi,Ci){y' - y)a{c){w{w'y^,X2, Z2, C2)dXi dX2 dzi dz2 d(i d(2 dW dw' 

3**2/3(^1 (T (a) (w, Ai, zi, Ci)o"(c)(t«(ty')^^, A2, Z2, C2)dXi dX2 dzi dz2 dC,i dC,2 dW dw' . 



Since a{a) and a{c) satisfy symbol estimates, the expressions above can be dealt with exactly 
by the same arguments as those developed above. One proceeds similarly for all the other 
derivatives. Details are left to the reader. D 



3.4. The asymptotic formulas 

In this section, we give the asymptotics for the symbol of the adjoint and of the composition, 
up to one order more than in Theorem 4. The proof that we propose does not use the integral 
formula obtained for a* and a^^db but relies more precisely on functional calculus, which 
suits more to the Heisenberg properties to our opinion. 
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Proposition 3.5. — Let a £ S^d{fii) and b £ 5'jjd(/X2)- Then the symbol of the adjoint 
of Op(a) is given by 

"'* = ^^^TTffJ Y^ (^i^i + ^i^i)« + ^lu Y^ {ZjTj + ZjT*){ZkTk + ZkU)a 






ri 



whereas the symbol of the composition Op(a) o Op(6) is given by 

a#^,b = b#a + -^ J2 {Z,b#T,a + Z^b#T;a) 

^V 1^1 i<j<d 



+ ^ E (^^■^'^^ * ^:'-^fe" + ^J^i^^ * ^J^ka + ZjZkb # T.Tla + Z^Z^b # T^T^a) 

+ i. sbi^[ -xdx + IY1 (^^•^'^. + ^^•%) ) « + ^~2 

where S denotes dg, ri (resp. r2) depends only on Z^a (resp. Z°^b) for \a\ > 3 and finally 
where 

Tja = -drj^a- sgn{X)d^.a. 



Recall that formulas for a* and a #^db are provided respectively in (3.1.3) and (3.3.3). 

In view of the second term of the asymptotic expansion, one understands better in what sense 
these formula are asymptotics. Let us comment the development of a* . The first term is a 
symbol of order ^ — 1, it is of order strictly smaller than a. 

The first part of the second term is of order jU — 2; however, the second part of this term is 
the product of A~^ by a symbol of the same order fx. This is a smaller term only for large 
values of A. In view of the proof below, it is easy to see that one could obtain an expansion 
to any order and that the term of order k will be the sum of terms of the form: A"-' times a 
symbol of order fi — k + 2j for < 2j < k. It is in this sense that this asymptotic has to be 
considered. 

We shall not discuss here the precise feature of the remainder and will discuss this point in 
further works for applications where these asymptotic expansions could be useful. 

We point out that the asymptotic formula for a* and af^^db have their counterpart for o'{a*) 
and a (^a^f^db^ . By the definition of the function cr(a) associated with a symbol a (see (1.4.1)), 
the following corollary comes from Proposition 3.5. While the asymptotics of Proposition 3.5 
appear as especially useful for large A, the asymptotics on a{a) seems more appropriate for A 
close to 0. 
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Corollary 3.6. — Let a € 5jjd(^i) and b G S^d{fii) then 

l<j<d 



+1 E iZ,Tj+Z,T*){ZkTk + ZknM 



8 

l<j,k<d 



-Sdxa{a) + a{h) 



and similarly 

a{a#^,b) = a{b)#x<r{a) + ^ Y. {Zj<y{b)#xTja{a) +^ja{b)#xT*a{a)) 

l<j<d 

+ I Yl {ZjZka{b)#xrjrMa) + ZjZka{b)#xr*na{a) 

l<j,k<d 

+ Z,Zka{b) #A TiTCaia) + Z,Z,,a(5) #x T^Tua) - -^Sa{b) #a dMa) + ^(^2) 

where n (resp. r2) depends only on Z^a (resp. Z'^b) for \a\ > 3 and where for all func- 
tions f = f{C, n) and g = g{^, rf) 

T,f'^\d,J-d,j. 

The proof of the corohary is straightforward by (1-4.1) and (1.3.4). 
Let us now prove Proposition 3.5. 

Proof. — It turns out that the proof of the asymptotic formula for the composition and the 
adjoint are identical, so let us concentrate on the product from now on. 



In view of (1.4.5) and (1.4.6) page 29, we can write 

(Op(a) o Op(6)) f{w) = {^^ I tr {u^^,^, o A^iw)) tr (nf^,)-,^,, o Byiw')) 

xf{w")\X\'^\X'\'^dXd\'dw'dw" 

with 

^a(^) = Jx op^{a{w, A)) Jl and Bx{w) = Jx op^{b{w, A)) J^ 
Now, we shall take into account the framework of the Heisenberg group and use the dila- 
tion 5t{w~^w'), t G [0, 1] (see (1.2.7) page 15) to transform b{w\ •) by a Taylor expansion: 



|t=o 



biw',X,y,r]) = b{w5i{w ^w'),X,y,r]) = b{w,X,y,r]) + (—b{w6t{w ^w'),X,y,r] 

I f (f \ I [^ d^ 

+-i^b{w5t{w-^w'),X,y,r,)\ +-J {I - tf-^b {wSt{w~^w'), X,y,r,) dt. 
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Setting w = {z,s) = w ^w' , we get by the group rule (1.2.1), 
d 



b{w5t{w)) = 2tsSb{w5t{w)) + Yl [xj {d^^^b{w6t{w)) + 2yjdsb{w5t{w))) 

l<j<d 

+yj {dy^b{w6t{w)) - 2xjdsh{w5t{w))) 
This leads by straightforward computations to 

{-Tjp{w5t{w'''w'),\y,if])\ = "Y {zjZj + ZjZj)b{w,X,y,r]) 

^ ^ l*=0 l<j<d 

i-T7^b{w6t{w~^w'),X,y,r])] = ^ [{zjZj + ZjZj) o {zf,Zk + ZkZk)]b{w,\,y,ri) 

V"* / |t=o i<-.t.<-w 



+2sSb{w,X,y,7]). 

Therefore, we deduce that 

Bxiw') = Cxiw,w') + Rxiw,w') 

where Rx depends only on derivatives of order 3 of 6 and Cx{w,w') depends polynomially 
on w: 

(3.4.1) Cx{w,w') '^M Bx{w) + d^\w) ■ (zj) + cf (u;)(z,I) • {1,1) + ~sCf{w), 

where C\ (w) is the 2d dimensional vector- valued operator 

ci''^''^'{ZBx{w),ZBx{w)), 

(2) 

while C^ (w) is the 2d x 2d matrix- valued operator 

Cf tfi[(Z,Z)^(Z,Z)]SA(u') 



andd^\w)=^SBxiw). 

To summarize (Op(a) o Op(6))/(tf) is the sum of two terms: 

(Op(a)oOp(6))/(u;) = (/) + (J) 
with 

W = (^) / tr {uU^,Axiw)) tr {ufi,)-.^„Cyiw,w')) fiw")\Xf IXfdXdX'dw'dw" . 

Let us now focus on the term (/) which will give the terms of the asymptotics in which we 
are interested. 
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Let US begin by the study of the contribution (/)o of the term of degree of the polynomial 
function Cx{w,w'). By (3.4.1), we get 

(^)o =' (^) / tr (n^_.^,A,(u;)) tr {ufi,^^,^„By{w)) f{w")\X\' IXYdXdX'dw'dw" 

xf{w")\X\'^ IX'l'^dXdX'dw'dw". 
The change of variables w' i— )■ w"w' turns the integral (/)o into 



^) L,A*'("--^-" 



n^ 



tr(uj;,,)_i5vH) IX'l'^dX'dw' 
By the inverse Fourier formula, we obtain that the term between brackets is 



Ax{w)]f{w")\X\'^dXdw" 



Wo = ^ [ ^^ {ui^,^„Bx{w)Ax{w)) f{w")\X\UXdw". 



which gives 

2d-i 

We then use classical Weyl symbolic calculus to write 

op'"{b{w, A)) o op'^iaiw, A)) = op'"{{b#a){w, A)). 

Thus we have 

Bxiw)oAx{w) = Jlop^{{h#a){w,X))Jx, 
whence 

Wo ='^, j tT{ui^,^„Jlop^{{b#a){w,X))Jx) f{w")\X\UXdw\ 

which gives thanks to (1.4.5) and (1.4.6) the first term in the asymptotic formula for the 
composition. 

Let us now consider the second term of the asymptotic expansion which comes from the term 
of order 1 of the polynomial function Cx{w, w'). To treat this term, we shall use the following 
relations for 1 < i < d, 

%tr {ulJlop'"{a{w, X))Jx) = Y7\^^^ {ulJlop"" {{a, -i^j + sgn(A)r/j}) Ja) 

(3.4.2) = -i=tr(n4j>p«'(T,a(u;,A))) 

I^tr (u^Jlop'"iaiw,X))Jx) = "^-^t^ {uUlop'"i{a,i^j + sgniX)r] j})Jx) 

(3.4.3) = ^^tT[u^^J*xop^iT*aiw,X))) 
that come respectively from (2.3.4) and (2.3.5) page 42. 
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This allows to write the second term under the following form 



xf{w")\X\'^\X'\'^dXd\'dw'dw" 
1 r2" ' " 



2V|A| 



id-l N 2 



d+1 



TT' 



) E / *^ {^t-i^'Jlop'^iT.aiw, A)) Ja) tr (^j;,)_i^„Z,i?(^, A') 

/ 1^ A^ A'^ 



l<j<d^ 

xf{w")\X\'^\X'\'^dXdX'dw'dw" 

X / K) I A H A' I '^(iAciA'du;'du;" . 
Therefore, arguing as for the first term, we get 

i+T 

+Zjb{w, X)#T*a{w, A)) Jx ) /(ti'")|A|'^ dAdu;", 



^^^'" 2^vr'^+i 



E / tr(n^-i^„Jlop"'(z,6(«;,A)#T,a(^,A) 

V<j<d'' \ 



which leads by (1.4.5) and (1.4.6) to the second term in the asymptotic formula for the 
composition. 

In order to compute the third term of the expansion, we shall consider the terms of order 2 
of the polynomial C\{w,w') and use Lemma A. 4 stated page 102. First, let us recall that due 
to (3.4.1), we have 

U)2 =' (^) / tr {ut-r^,A,{w)) tr «,)_.^. {sC§\w) + d^\w)Cz~z) • (5,1))) 

xf{w")\X\'^\X'\'^dXdX'dw'dw" 



where dy\w) = SBx{w) and cf ^ = i [{Z, Z) ® {Z, Z)] Bxiw). 

(2) 

We first focus on the term in Cy . Let us call {1)2,1 its contribution, we have 

^„. /od-i\2 

(I) 



2,1 — 1 d 



1) E [ ^^{^t-^n.'Mw) 

^ l<i,k<d-^ 



X tr (iif^,)-i^„ {{zjZj + ZjZj){zkZk + 2kZk)Bx'{w))) f{w")\X\'^ \X'\'^dXdX'dw'dw' . 



We treat those terms as those of (/) 1 . We shall explain the argument for one of those terms 
and leave the analysis of the other terms to the reader. Set 

{I)2,j,k =^ [yl^j J tr (u^-i^,^a(^)) tr (ufi,)-i^„ {zj'z^ZjZk)Bx')) 

xf{w")\Xf\X'\'^dXdX'dw'dw'. 
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Using (3.4.2) and (3.4.3), we obtain 

z, 4 tr (u^Jlop^iaiw, X))Jx) = tr (u^Jlop^{TjT;a{w, X))Jx) 
whence, arguing as for (/)i 

W2,,> = ^ (^) / tr (n^-.^,J>p-(T,r*a(u;, A))Ja) 

= ^\^^^X^ I tr Ui^.^„Jlop- {z,Zkb{w, X)#T,Ti:a{w, A)) AJ f{w")\X\^ dXdw" . 

To deal with the last term 

^) / tr {ui^i^,Ax{w)) tr (nf;,)_,^„5 C^^\w)) f{w")\X\'' \XYdXdX'dw'dw" 

let us apply Lemma A. 4 (see page 102) writing 



tr [u^ 



tr ( u:„-,^,Ax{w)) tr (nj;,)-i^„sCj^(w;)) /(u)")|A|'' |AYdAdA'du;'d«;" 

^ ^^,^^^ ^ ..^.^-,^,J3:op-(5(«;,A))JA)tr(nj:,)_,^„ci?(u;))/(t.'0|A|'^rfAd^". 

where g is the symbol of Sj^d{fii) given by (A. 2. 5) (in particular we have a{g) = —dx {a{a)). 
Finally, arguing as before we get 



j^d+1 



tr («^-i^'^A(ti')) tr (^Jl,)-i^.sCi?(t«)) /(^")|A|^ {X'l'^dXdX'dw'dw" 

= -ilmj^' {<-^u,"Jlop'" {Sb{w,X)#9{w,X)) Jx) fiw")\X\''dXdw". 
This ends the proof of the asymptotic formula for the composition. D 



CHAPTER 4 



LITTLEWOOD-PALEY THEORY 



In this chapter, we shall study various properties related to Littlewood-Paley operators, and 
their link with various types of pseudodifferential operators. 

In the first section, we focus on the Littlewood-Paley theory available on the Heisenberg group. 
Similarly to the M case, this theory enable us to split tempered distributions into a countable 
sum of smooth functions frequency localized in a ball or a ring (see Definition 4.1 for more 
details). In the second section, we recall some basic facts about Besov spaces and introduce 
paradifferential calculus. Like in the IR case, it turns out that Sobolev and Holder spaces 
come up as special cases of Besov spaces. The paraproduct algorithm on the Heisenberg 
group is similar to the paraproduct algorithm on M built by J.-M. Bony [14] and allows to 
transpose to the Heisenberg group a number of classical results (see for instance [4], [5] [6] 
and [7]). As already mentioned in Section 2.1 of Chapter 2, the Littlewood-Paley truncation 
operators are Fourier multipliers defined using operators which are functions of the harmonic 
oscillator. Therefore, it is interesting to analyze the Weyl symbol of such operators; this is 
achieved thanks to Mehler's formula in the third section where we compare Littlewood-Paley 
operators with pseudodifferential operators. This will be of crucial use for the next chapter. 
Finally in the last paragraph we introduce another dyadic decomposition, in the variable A 
only, which will also turn out to be a necessary ingredient in the proof of Theorem 5. 



4.1. Littlewood-Paley operators 

In [7] and [5] a dyadic partition of unity is built on the Heisenberg group HI , similar to the 
one defined in the classical M case. A significant application of this decomposition is the 
definition of Sobolev spaces (and more generally Besov spaces) on the Heisenberg group in 
the same way as in the classical case. 

Let us first define the concept of localization procedure in frequency space, in the framework 
of the Heisenberg group. We start by giving the definition in the case of smooth functions. 
The general case follows classically (see [7] or [5]) by regularizing by convolution, as shown 
in the remark following the definition. We have defined, for any set B, the operator l^-i^ 

on Tix by 

V/ G SiW"), Va G N^ J-(/)(A)l^-i^F„,A =^ l(2|a|+d)-ii?(A) Hf)WFa,x- 
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Definition 4-1- — Let C(ri,r2) = C(0, ri,r2) be a ring and Br = B{0,r) a ball o/M centered 
at the origin. A function f in S{M. ) is said to be 

— frequency localized in the ball 2^B/:p, if 

J-(/)(A)=J-(/)(A)l^-i2.,6^(A); 

— frequency localized in the ring 2*'C(- /^Y.^/Fi)' ^/ 

J-(/)(A)=J-(/)(A)l^-i2,,. (A). 

In the case of a tempered distribution u, we shall say that u is frequency localized in the 
ball 2^Br^ (respectively in the ring 2*'C( /yrj- /^) ) , if 

for any radial function / G 5(IH ) satisfying J^(/)(A)l^-i22pg = (respectively for any / 
in SCB. ) satisfying J^{f){\)lj^-ir,2pn \ = 0). In other words u is frequency localized in 

the ball 2^5 /p (respectively in the ring 2*'C( /^ /y:jj)), if and only if, 

U = U-k (f>p, 

where (pp = 2^P(/)(52p-), and </> is a radial function in 5(IHI ) such that 

J^{<P){X)=J^{<P){X)R{Dx), 

with R compactly supported in a ball (respectively an ring) of M centered at zero. 

Let us now recall the dyadic decomposition and paradifferential techniques introduced in [7] 
and [5], which we refer to for all details and proofs. 

Proposition Jf..2. — Let us denote by Bq and byC^ respectively the ball {r G M, \t\ < |} and 

the ring {r G M, | < \t\ < |}. Then there exist two radial functions R* and R* the values of 
which are in the interval [0, 1], belonging respectively to V{Bq) and to V{Cq) such that 

(4.1.1) VrGM, ^*(r) + ^i?*(2-2Pr) = 1 

and satisfying the support properties 

\p-p'\>l=> supp R*{2-'^P-) n supp R*{2-'^P'-) = 
p > 1 =^ supp R* n supp i?*(2~^P-) = 0. 

Besides, we have 

(4.1.2) Vr G M , - < R*{Tf + ^ R*{2''^PTf < 1. 

p>0 

The dyadic blocks Ap and the low frequency cut-off operators Sp are defined as follows similarly 
to the M*^ case. 
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Definition 4- 3- — We define the Littlewood-Paley operators associated with the func- 
tions R* and R* , for p G Z, by the following definitions in Fourier variables: 

VpGN, T{Spf){X) = T{f){X)R*{2-^PDx), 

ypeN, -F(Ap/)(A) = T{f){X)R*{2-^PDx), 

J-(A_i/)(A) = J-(So/)(A), 

Vp<-2, J-(Ap/)(A) = 0. 

The operator Spf may be alternately defined by 

q<p-l 

Since -F(Ap/)(A) = J^{f){X)R*{2~'^^Dx), it is clear that the function Apf is frequency lo- 
calized in a ring of size 2^. Along the same lines, one can notice that the function Spf is 
frequency localized in a ball of size 2^. 

Moreover, according to the fact that the Fourier transform exchanges convolution and com- 
position, the operators Ap and Sp commute with one another and with the Laplacian-Kohn 
operator Ajjd. 

Remark 4 •4- — ^^r simplicity of notation, we do not indicate that Sp depends on R* and 
that Ap depends on R* . That is due to the fact that according to Lemma J^.8 below, one can 
change the basis functions (hence the Littlewood-Paley operators), keeping only the fact that 
one is supported near zero and the other is supported away from zero and satisfying (4- 1.1), 
while conserving equivalent norms for the function spaces based on those operators. 

It was proved in [47], in the more general context of nilpotent Lie groups, that there are radial 
functions of 5(EI ), denoted tfj and ip such that 

T{i>){X)=R*{Dx) and T{ip){X) = R*{Dx). 

We also refer to [7] and [5] for a different proof in the case of the Heisenberg group, the ideas 
of which will be used below to prove Lemma 4.17. Using the scaling of the Heisenberg group, 
it is easy to see that 

ApU = u*2^P^p{52P-) and SpU = u*2'^Pi){62P-) 

which implies by Young's inequalities that those operators map L^ into L'^ for all q G [l,oo] 
with norms which do not depend on p. 

Let us also notice that due to (1.2.8) (see page 15), if P is a left invariant vector fields then 

P{Apu) = 2P{ui.2^Pp{^){62P-)). 

This property is the heart of the matter in the estimate of the action of left invariant vector 
fields on frequency localized functions (see Lemma 4.7 below). 
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4.2. Besov spaces 

Along the same lines as in the M case, we can define Besov spaces on the Heisenberg 
group (see [7]). 

Definition 4-5- — Let s G M and {q,r) G [l,oo]^. The Besov space Bgj.(M. ) is the space of 
tempered distributions u such that 



def 



') 



OPSIIA 7,11 



< oo. 



£r 



Remark 4- 6. — It is also possible to characterize these spaces using only the operator Sp : 
for s > 0, we have 



Blri^") 



(4.2.1) 

and for s < 0, 

(4-2.2) ll/lli?»_,(H^) 

where ~ stands for equivalent norms. 



2^ni(Id-5p)/||^,(H.) 
2 ll'S'p/|li,9(H'*) 



e 



It is easy to see that for any real number p, the operators {—/S.^dY and (Id — Ajjd)'' are con- 
tinuous from B^^{M. ) to Bq'^ ''(H ). Note that Besov spaces on the Heisenberg group contain 
Sobolev and Holder spaces. Indeed, by (4.1.2) and the Fourier-Plancherel equality (1.2.21), 
the Besov space i?|2(EI'^) coincides with the Sobolev space H^{W^). When s G M"'"\N, one 
can show that B^ oo(^ ) coincides with the Holder space C*(EI ) introduced in Definition 1.3. 

Let us point out that a distribution / belongs to B^^iM. ) if and only if there exists some 
constant C and some nonnegative sequence (cp)pgN of the unit sphere of £''(N) such that 

(4.2.3) VpGN, 2P^||Ap/||^,(H.) < Ccp. 

This fact will be useful in what follows. 

Arguing as in the classical case, one can prove using this theory many results, such as Sobolev 
embeddings, refined Sobolev and Hardy inequalities (see [5], [4]). This is due to the fact that 
the dyadic unity decomposition on the Heisenberg group behaves as the classical Littlewood- 
Paley decomposition. The key argument lies on the following estimates called Bernstein 
inequalities, proved in [5]. 

Lemma 4-7. — Let r be a positive real number. For any nonnegative integer k, there exists 
a positive constant C^ so that, for any couple of real numbers (a, b) such that 1 < a <b > oo 
and any function u o/L"(EI ) frequency localized in the ball 2'PBrf, one has 

(4.2.4) sup WX^uWl,,^,, < Cfc2P^(^-^)+P^' 



') 



where X^ denotes a product o/|/3| vectors fields of type (1.2.2), page 14- 

Let us also point out that the definition of Bpj.[M ) is independent of the dyadic partition of 
unity chosen to define this space. This is due to the following lemma proved in [7]. 
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Lemma 4-8. — Lets G M and {p,r) G [l,cx)]^. Let (up)pg^j be a sequence o/L'^(IHI ) frequency 
localized in a ring of size IP satisfying 



r II"pIIl9(h'')IU'-(n) 



rfe/' 



t/ien u = > Up belongs to B'^j.{M ) anc? we have 
peN 

lU/ll J < r' IbP^IU/ II J II 

II"IIb^,,(H'*) - "-^sii^ ll"pllL9{H'*)||^r(r^)- 

Contrary to the M case, there is no simple formula for the Fourier transform of the product 
of two functions. The following proposition (proved in [5]) ensures that spectral localization 
properties of the classical case are nevertheless preserved on the Heisenberg group after the 
product has been taken. 



Proposition 4-9- — Let r2 > ri > be two real numbers, let p and p' be two integers, and 
let f and g be two functions of S'{M. ) respectively frequency localized in the ring 2*'C( /^^ /^^j) 

and 2P Ci^n^^r^y Then 



— there exists a ring C such that ifp'—p > 1 then fg is frequency localized in the ring 2^ C . 

— there exists a ball B' such that if \p' — p\ < 1, then fg is frequency localized in the 
ball 2p'B'. 

Remark 4-iO. — The proof of this proposition is based on a careful use of the link between 
the Fourier transform on the Heisenberg group and the standard Fourier transform onW ^ . 
For a detailed proof, see [5] . 

Proposition 4-9 implies that if two functions are spectrally localized on two rings sufficiently 
far away one from the other, then their product stays spectrally localized on a ring. 



Taking advantage of this result, one can transpose to the Heisenberg group the paraproduct 
theory constructed by J.-M. Bony [14] in the classical case. Let us consider two tempered 
distributions u and w on H . We write 

u =y ApU and i; = > AqV. 
p q 

Formally, the product can be written as 



uv = 

p,q 



y^ApuAgi 



Paradifferential calculus is a mathematical tool for splitting the above sum into three parts: 
the first part concerns the indices {p, q) for which the size of the spectrum of ApU is small 
compared to the size of the one of AqV. The second part is the symmetric of the first part 
and in the last part, we keep the indices {p,q) for which the spectrum of ApU and A^w have 
comparable sizes. This leads to the following definition. 
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Definition 4-11- — We shall call paraproduct ofv by u and shall denote hyTuV the following 
bilinear operator: 

(4.2.5) T„^=^^Vi^N^' 

We shall call remainder of u and v and shall denote by R{u, v) the following bilinear operator: 

(4.2.6) R{u, v) =^ Y, ^P^ N^ 

b-g|<i 

Remark 4-12. — Just by looking at the definition, it is clear that 

(4.2.7) uv = TuV + T^u + R{u,v). 

According to Proposition 4-9, Sq-iuAqV is frequency localized in a ring of size 2'^. But, for 
terms of the kind ApuAqV with \p — q\ < 1, we have an accumulation of frequencies at the 
origin. Such terms are frequency localized in a ball of size 2^. 

The way how the paraproduct and remainder act on Besov spaces is similar to the classical 
case. We refer to [5] for more details. 

Taking advantage of this theory, one can prove the fohowing useful estimates. 

Lemma 4-13. — Let a be a positive, noninteger real number and consider a real number s 
such that \s\ < a. Then, there exists a positive constant C such that for all functions f and g, 

(4-2.8) WfgWH-im'i) ^ C!\\f\\^,^(j^d-j\\g\\fjs(^dy 

Moreover, for any integer M there exists a positive constant C such that for any function f , 

(4-2.9) I|5'M/Ilcp(e'') ^ C'll/llcp(e'')' 

(4-2.10) ||(Id - 5M)/||ioo(H^) < C2-*^''||/||^,(jj'') 

and more generally, for < a < p, 

(4-2.11) ll(Id-5M)/||c.(H'')<C2-^(''-'^)||/||^,(H.). 

Note that InequaUty (4.2.8) is not sharp, but is sufficient for our purposes. The sharper result 
(proved by the same type of method) would be 

II/5|Ih«(h'«) - ^(ll/llL°°(e'')lls'll_H'=(e'') + ll/llc"'(e'')ll5llL2(H'«))- 

The proof of this lemma is classical: it is the same proof as in M for the classical Littlewood- 
Paley theory and has no specific feature to the Heisenberg group. We provide it here for the 
sake of completeness, as it will be used often in the rest of this paper. 

Proof. — The first ingredient of the proof of Estimate (4.2.8) is Decomposition (4.2.7) which 
consists in writing 

fg = Tfg + Tgf + Rif,g). 
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Let us begin with the study of Tfg. By definition of the paraproduct and thanks to Proposi- 
tion 4.9, one has 

A,{Tfg)= J2 \iSp-if\g), 

\p-q\<No 

where A'^o is a fixed integer, chosen large enough. We deduce thanks to the continuity of 
Littlewood-Paley operators on Lebesgue spaces, that 

|p-<7|<Afo 

\p-q\<No 

\p-q\<No 

Using Littlewood-Paley characterization of Sobolev spaces, we infer that 

\p^q\<NQ 

\p-q\<No 

where, as in all what follows, (cp) denotes a generic element of the unit sphere of i?^(N). Taking 
advantage of Young inequalities on series, we obtain 

2«*||Ay(T/-5)||^2(ed) < C'||/|lLoo(ed) |bllH»(H'')Cg 

which ensures the desired estimate for Tfg namely 

Let us now consider the second term of the above decomposition of the product fg. Again 
using spectral localization properties, one can write that 

\iTgf)= E \iSp~igApf). 

\p-q\<No 
Therefore 

2«^||A,(r,/)||^.(H.) < 2^^ E l|A,(Vi5Ap/)||^.(ed) 

\p-q\<NQ 

< C2'^^ 2_^ ll'S'p-l5||L2(Hd)||Ap/||j;^00(]gd) 

\p-q\<No 

(4.2.12) < C 11/11^.(^^)2"^ E \\Sp^i9hHM-)2-^''- 

\p-q\<No 

By (4.2.2), we have in the case where s < 0, 

||5'p-i5||^2(ed) < C\\g\\fjs(^d^2 '^^Cp, 
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where (cp) still denotes an element of the unit sphere of £^(N). We deduce in that case that 

\p-q\<No 

\p-q\<No 
< C ll/llc<^(H'*) ll5'll_H-=(H'*) Cg- 

This leads in that case to 

W^gflln'^im'^) ^ C'||/||(^^(jjd) ||5'llii-s(ed). 
Let us now estimate Tgf in the case where s > 0. We have 

ll'S'p-i5'llL2(jjd) < C 2_^ ||Ap/5(||^2(jjd) 

p'<p-2 



p'<p-2 



Thus (4.2.12) becomes 



\p-q\<NoP'<p-2 



|p-g|<Aro 



^C \\f\\fja(^d-^\\g\\Hs(M'^)'^ 



< C 



C'^{w^) ll5'll_H-''(H'*) '^q- 



This obviously ends the estimate of ||T^/||//s(jjd\ for any s satisfying |s| < a. 

Finally, let us consider the remainder term R{f,g). Taking into account the accumulation of 
frequencies at the origin, we can write 

A,{R{f,g))= E E \i\fAp'9)- 

q<p+No b-p'|<l 

Thus 

2^1|Ag(i?(/,5'))||^2(ed) < 02'^' E E II^p/IIl-'(H'*)I|Ap'5'IIl2{H'') 

q<p+No b-p'|<l 

< '^ll/llc"^(H'*) II5'IIh=(H'*)2*'' E E ^ ^'^^ ^'''^P' 

q<p+NQ |p-p'|<l 
q<p+No 

In the case where s > 0, we infer that 

2^^||A,(i?(/,5))||i.(Hd)<C||/||^.(jj.)||5||^.(Hd) E 2-(^-«)%. 

q<p+No 
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Then, thanks to Young inequalities, we get 

2^*||A<j,(i2(/,5r))||^2(]H[d) < C'll/llc-{H'^) WaWH^iW^fg 

which imphes that 

\\R(.f:9)\\H={m'^) - C'||/|lc<T(]H[d) ||5'llii's(]H[d). 
Now, in the case where s < 0, we have 

q<p+No 

Again, Young inequahties allow to conclude. This achieves the proof of the estimate 

\\R(.f:9)\\H={m'^) - C'||/|lc<T(]H[d) lls'll/fsj-jjd), 
for any |s| < a. 

Let us now turn to the proof of Inequality (4.2.9). By definition of the C^-norm, we recall 
that 

II'S'm/|Icp(h'^) = sup2'"'||A55M/||ioc(]H[d)- 
Using commutation properties of A^ and Sm, we obtain 

II'S'm/|Icp{h'*) = sup2^''||S'MA,/||^^(jjd) 



Q 



< Csup2^^||AJ||^. 



l>d\ 



• ^) 



^ ^ ll/IIC''(H'*) 

thanks to the continuity of Littlewood-Paley operators on Lebesgue spaces, which ends the 
proof of Estimate (4.2.9). Moreover, it is obvious that 

||(Id- S'M)/||ioo(]H[d) < 22 II^'?-^IIl~(H'*)' 

q>M-Ni 

where A'^i is a fixed integer, chosen large enough. Therefore, according to definition of the C^- 
norm, we get 

||(Id-5M)/IL^(H<^) <C Y. 2-'^'ll/llcP(H'*) 

q>M-Ni 

<C ||/|lc.(H^) E 2-^" 

q>M-Ni 

< C||/||^,(jj.)2-^''. 
This achieves the proof of Inequality (4.2.10). Along the same lines, for < cr < p, one has 

||(Id - 5m)/||c.(h'*) < E 2'^''IIN(M - ^M)/|lioo(H^). 

q>M~Ni 
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Using again the continuity of Littlewood-Paley operators on Lebesgue spaces, it comes 

q>M-Ni 

< cwfWc,^^.^ Y. '^''-"''^ 

q>M-Ni 

thus the desired estimate. This ends the proof of Lemma 4.13. D 

4.3. Truncation pseudodifFerential operators 

In this section we shall compare Littlewood-Paley operators with the pseudodifferential oper- 
ators Op (<I>(2~^P|A|(^^ + r/^)), for $ compactly supported in a unit ring. 

We shall see that Op (<I>(2~^p|A|(^^ + ry^)) is "close" to Ap in the sense that the opera- 
tor AqOp (<I>(2~2P|A|(^^ + 7?^)) is small in C{H^{M'^)) norm if \p - q\ is large. This is made 
precise in the next proposition. 

Proposition 4- 14- — ^^t ^o £ (0,1) and ^ be a smooth function, compactly supported 
in ]0,oo[. There is a constant C such that the following result holds. For any p > 0, de- 
fine the symbol 

ap{w,X,C,7])=^p{\X\{f + 7]'^)), where $p(r) = $(2~2p^), Vr > 0. 

Then for any integer q > —1 and any real number s, 

l|A,0p(ap)||^(^.(u<'))<C2-'^«|P-'?l, 

where Ag is a Littlewood-Paley truncation, as defined in Definition 4-3- 

Proof — We shall start by reducing the problem to the case s = 0. Let u belong to 5(]HI ) 
and let g > be given (the case g = — 1 is obvious). The norm ||AgOp(ap)u||/fs is controlled 
by the quantity 

2'i^\A,Opiap)uh2 =2''^ (^1 \\Piu)iX)A,R%2-^W,)\\lsinJM'dX^ 

where Ax = J^op'^(ap)Jx. Defining a smooth, compactly supported (away from zero) func- 
tion TZ such that TZR* = R*, one has 

||J•(n)(A)A,i^*(2-2«Z),)||^5(^,) = ||J•(n)(A)A,i^*(2-2«Z),)7^(2-2«Z),)||^5(^,). 

But Ax is a diagonal operator in the diagonalisation basis of Dx, thus it commutes with the 
operator R* {2-'^" D x) ■ So 

||J-(n)(A)^Ai?*(2-^^I)A)^(2-^^I)A)||H5(W,) = ||-F(A,n)(A)^Ai?*(2-^^I)A)||H5(W,), 

where Ag is the Littlewood-Paley operator associated with 7^(2~^''-). Using (1.2.19) stated 
page 18, we get 

||^(n)(A)AAi^*(2-2«Z)A)7^(2-2^Z)A)||H5(w,)<||-F(Agn)(A)||H5(w,)PAi^*(2-2«Z)A)||£(«,), 
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and Remark 4.4 gives the expected result: we have reduced the problem to the L^(E[ ) case, 
and by the Plancherel formula (1.2.21) and Inequality (1.2.19), it is enough to study the norm 
as a bounded operator of L^(]R ) of the operators 

R*{2~^'^\X\{e-A^))op^{ap) and R*{2-^'^\X\{e - A^)) op^{ap). 

For this, we use Mehler's formula to turn op^{ap) into an operator given by a function of the 
harmonic oscillator in order to be able to use functional calculus. From now on we suppose 
to simplify that A > 0. 

We will denote, as in Definition 4.3, by R* and R* the basis functions of the truncation A^ 
(with R* supported in a unit ball of M and R* supported in a unit ring of M) . 

In view of (1.3.15) (see page 27), one has 

1 r ^ pi(52-A)Arctg{2-2PAr) 

^ttJr (l + (2-2pAr)2)2 

But 

\\R* {2-^'^\X\ie - A^)) op^iap)\\ , = sup \L,{a, A)| i?*(2-2'?|A|(2|a| + d)) 

a, A 

and a similar relation holds for R*, so we are reduced to estimating, for q G N and 
A2^2'?(^2|a| + d) in a unit ring (or ball ii q = —1) 

/p(Q,A) = — / $(r) —dT, 

27T Jk (l + (2-2pAr)2)2 

and we shall argue differently whether q < p or q > p. 



• The case when q > p. We argue differently depending on whether 2 ^^|A| < 2"? ^ 

or 2-2p|A| > 29-P. Let us first suppose that 2-2p|A| < 2«"P. Noticing that 

_^ J(2|Q|+d)Arctg(2-2PAT) ^ i2~ PA(2|a| + ij) i(2|a|+d)ArctR(2-2PAr) 



dr"^ 1 + (2-2pAr)2 



we have 



dT 



T (a X\= ' / i(2|a|+d)Arctg(2-2PAr)A ( H^) 

'^^"' ^^ (2|a| + d)2-2PA y " ^H (1 + (2-2pAr)2)|-i / 

so using the fact that 2|q| + d > 1, 

R* ((2|q| + (i)A2-29) |/p(a, A)| < C22(p-9) (^ f |$'(r)|(l + {2'^^ Xrfy- 1 dr 

f,^, ,, 2-4pa2t ^ \ 

J (l + (2-2pAr)2)2 ^ 

Let us consider the first integral. If d > 2, it is bounded by ||$'||j^i. On the other hand, 
if d = 1, we observe that 

|$'(r)|(l + (2-2PAT)2)i-f < C|$'(r)| (1 + 2-2PA|r|). 
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Therefore, since (1 + |t|) |<&'(r)| G L^, there exists a constant C such that 

22(p-q) I |$'(^)|(i + (2-2PAT)2)i-f dr < C22(P-9) (1 + 29-P) < C2-(«-p). 

Let us now concentrate on the last integral. We have clearly 

(l + (2-2pAr)2)2 y 

whence a constant C such that 

i (l + (2-2PAr)2)i 

We now suppose that |A|2~2p > 2'?"^ and we perform the change of variables u = X2~'^Pt in 
the integral expression of Ip{a, A). We obtain 

/^(a, A) = '^-^ I $ {2^PX-^u) (1 + ^2)-d/2g*(2|a|+d)Arctg« ^^_ 



Using that |$(r)| < C|t|~^+^o, we get 

^{2^PX-^u) < C(2-2P|A|)^-''«|nri+^o. 
This yields that there exists a constant C such that 

|/p(a,A)| <C(22P|A|-i)'^« /|nri+^"(l + n2)-'^/2dn<C"2-^"('^-P). 



As a conclusion, we have proved that in that case, for all a G Z , 

R* ((2|a| +d)A2-2'?) |/p(a,A)| < C2^"'-p-''\ 



• The case when q < p. The idea is to compare Ip{a, A) to <I>(A2 ^*'(2|a| + d)). Taking the 
inverse (classical) Fourier transform we can write 

1 r ^ /„J(2|Q|+d)Arctg(2-2PrA) \ 

Ua,X) - $(A2-2P(2|a| + d)) = — / $(r) ^ ^ - e*^ '^Ar(2|a|+d) ^^ 

27rjR y (1 + (2-2ptA)2)2 J 

or again 

/p(a. A) - ^{X2'^P{2\a\ + d)) = Jp{a, A) + i?p(a. A), 

with 

def 1 



Jp(a,A) 4|f — / $(r) fe^(2|«l+rf)Arctg(2-2PAr) _ gi2-2PAr(2|a|+d)\ ^^_ 

It is easy to see that 

\Rpia,X)\ < C2-^PX [ \t${t)\ dr 

so since <1> belongs to 5(]R), we have 

R* ((2|a| + d)X2-^i) \Rp{a, A)| < CR* {{2\a\ + d)A2-2'?) 2-'^pX 
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using the fact that 2|q| + d > 1. Similarly 

R*{{2\a\+d)X)\Rp{a,X)\ <C2-^p. 
So now we are left with the estimate of Jp, which we shall decompose into two parts: 

Jp = Jp + Jp, with 



Jp{a,X) 



def J_ 

2tt 



|t2-2pA|<1/2 



$(t) e 



^i(2|a|+d)Arctg(2-2pAr) _ i2-'^PXT{2\a\+d) 



dr. 



The estimate of Jp is very easy, since clearly as above 



\Jpia,X)\ < C2-^PX [ \T$iT)\dT 

Jr 

< C2-^PX, 
R* {{2\a\+d)X2-^i)\J^{a,X)\ <C 2-2(^-9) and R* {{2\a\ + d)X)\J^{a,X)\ <C2- 



2p 



Now let us concentrate on Jp. We can write 



Jp{a,X) 



27r 



i2-'^PXT{2\a\+d) f i{2\a\+d)2-'^PXh{T) 



|t2-2pa|<1/2 



with 



Kr)=TY, 



n>l 



-l)"(2-2PAr)2" 
2n + l ' 



which is well defined, and analytic, for |t2^^pA| < 1/2. Observe that the function h depends 
on the integer p and on A, and that one has to control this dependance. In particular, we 
notice that /i'(r) can easily be bounded, by 1/3, on the domain |r2~^PA| < 1/2. But 







gi(2|a|+d) 


2-2p 


\h{r) _ ^ ^ 


so 












Jp(a, 


'^-i. 


f 

'0 


1 

J\t2-'^pX\<1/2 


Integrating 


by parts. 


we 


get 



Jt(2\a\+d)2-'^P Xhir) 



dt 



l = i{2\a\+d)2-'^PXh{T) [ e'' 

Jo 

$(r)e^2-2PA(2|a|+d)(r+tMr))(2|«| + d)2-^nh{T)dtdT. 



'>^'^-h[L 



^i2-'^PX{2\a\+d)(T+th{T)) Q^ ( ^(^ 
|r2-2PA|<l/2 ^ll + t/l'(T) 



j^-h{T) dtdT 



1 


c 


2tt 


L 



gi2-2PA(2|a|+d)(r+th{r)) ^H ^^(.^) 



1 + th'{T) 



dt. 



|r2-2PA|=l/2 



Writing the above formula as Jp = Kp + Kp, with 



"'^"•'^'llo 



J2-^PX{2\a\+d){T+th{T)) '^(t) 



TTWm^^'^ 



dt, 



- |r2-2PA|=l/2 



it is obvious that 



\K^{a,X)\<C 



$(-22PA~i)/i(-22PA-i) 
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Writing 

^ ^ ^ 9-n -I- 1 Z^ 9-n -I- 1 



we deduce that 



2n + 1 ^'^ 2n + 1 

n>l ?i>l 



\K^{a,X)\ < C2-2PA|$(^22PA-^)2^PA-2| 



< C2-2PA, 

where the second estimate comes from the fact that $ is a rapidly decreasing function. To 
bound Kp we just need to notice that 

\.J^h(T) = ^ ;,, , 2~^PAg r , with 5 r = > -^ — , 

l + i/i'fr ^ ^ l + th'(T) ^^ " ^y ' /_^ 2n + l 

n>l 
SO 

\Kl{a,\)\ < C2-2PA f f 5.(-^^^5(r)) dr dt < C2-2PA. 

^ Jo 7|r2-2PA|<l/2 Vl + i/l'(r) / 

We conclude as previously that 

i?*((2|Q|+(i)A2-2'')l4(a,A)| <C2-2(p-«) and ^* ((2|a| + (i)A) | Jp^(a, A)| < C2-2P. 
Combining those results, we conclude that if p > g, then 

R* ((2|a| + (i)A2-2'?) 1$ ((2|a| +d)A2-2p) -/p(a,A)| < C'2'2(p-g)_ 

But clearly R* {{2\a\ + (i)A2~^^) $ ((2|a| + (i)A2^^P) is equal to zero if \p- q\ is large enough, 
so we have proved the expected result ii p > q. 

That concludes the proof of the proposition. D 



4.4. A-truncation operators 

We shall use, in the proof of Theorem 5, truncation operators in the variable A. 

Let us consider ip and (j), two smooth radial functions, the values of which are in the inter- 
val [0, 1], belonging respectively to V{B) and T>{C), where B is the unit ball of M and C a unit 
ring of M, and such that for D = 1 

(4.4.1) VCGM^, 1 = ^(0 + 5^0(2-2^0. 

p>0 

We set 

Ap = Op(0(2-2PA)) and A_i = Op(V'(A)). 

We notice that Ap commutes with all operators of the form Op(a(A,y,r/)), and in particular 
with powers of — Ajjd. 

Then the operators Ap map continuously H"^ (H ) into H^ (H ) independently of p and we have 
the following quasi-orthogonality relation: there exists A'^o such that 

(4.4.2) ApAg = for \p - q\ > Nq, 
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which imphes that 

(4.4.3) ||Apu||^2(ed) < Cp||u||^2(ed), 

where Cp is an element of the unit sphere of ^^(Z). More precisely, there exist constants Ci 
and C2 such that if / belongs to H'^iM. ), then the following inequality hold: 

(4.4.4) C, Y: l|A./||^.(e.) < II/II^.(h^) < ^2 E W^rfWl.^my 

r r 

Besides, we are able to say something about the Am-localization of a product by an easy 
adaptation of Lemma 4.1 and of Proposition 4.2 of [5]. More precisely, we have the following 
result which ensures that some A^-spectral localization properties are preserved after the 
product has been taken. 

Proposition 4-15. — There is a constant Mi G N such that the following holds. Consider f 
and g two functions of S{M ) such that 

J-(/)(A) = l22™c(A)-F(/)(A) and 

J^{g){X) = l2Wc(A)-^(5)(A) 

for some integers m and m! . If m' — m > Mi , then there exists a ring C such that 

Hf9)W = \2^>cWHf9)W- 

On the other hand, if \m' — m\ < Mi, then there exists a hall B such that 

Hf9)W = l22W6(A)J-(/5)(A). 

Proof. — The proof of that result follows the lines of the proof of Proposition 4.2 of [5], and 
is in fact simpler. We write it here for the sake of completeness. By density, it suffices to 
prove Lemma 4.15 for f,g in V{M^ "*'^). 

For simplicity, we will only deal with the case where A > 0. 

By definition of P{f){X), we have 

Pif){X)F^,xiO = [ J\z,s)ul,F^,x{Odzds 

f{z, s)F«,A(e - z)e^^«+2^«-^'l^lV2) dz ds. 

Let us write ^ = 6.a + iS,b and z = Za + izb, where ^a, Za, Cb and Zb are real numbers. 
Straightforward computations show that 

gjAs+2A{f2-|2|V2) ^ g-J(-2A6-2a-2A5a-26-As)g-A(|5-2|2-|g|2)^ 

Then we can observe that 

(4.4.5) Fif)WFa,x{0 = {Al^f){-2XCb, -2XU -A), 
where h denotes the usual Fourier transform of /i on M ^ and where 

(4.4.6) Al^fiz, s) = F„,A(e - ^)e-' (l«-^l'-l«l')/(z, s). 
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Therefore, one can write 

Hf9)WFaA0 = {Al^fg)i-2X^i„-2XL,-X)- 
Noticing that for any multi- index /3 of N satisfying /3 < a, we have 



Fa,x{0=Ca,fsFa.fS,x{0-F^AO, 



^ \ T,T^ Ar.A..r,r. +V,o+ ACi fr, — Tjl^ f . A^~P , 



with Ca,i3 — \ Q ] ) '^6 deduce that AJ^tfg = B^cf ■ A^c g, where 

and (3 < a. Using the fact that the standard Fourier transform on R ^ exchanges product 
and convolution, we get 



{AX^fg) {-2X^b, -2XCa, -A) = C^,fs (Sj^/j * (A^/ff j {-2X^i>, -2X^a, -A), 

where -k denotes the convolution product in R ^ and still for any multi-index /? of N satisfy- 
ing fi < a. The question is then reduced to the study of the supports of the functions {B^cf) 

and {A'l^^^g). 

According to (4.4.5), the support in A of the function [A^tg{z,s)] (— 2A.^ft, — 2A^a, — A) is 



included in the ring 2^™ C. Now, Lemma 4.15 readily follows from the properties of the 
standard convolution product in R ^ for the supports, and from the following lemma, whose 
proof is given below. 

This ends the proof of Lemma 4.15. D 

Lemma 4- 16. — Under the hypothesis of Lemma 4-15, we have 

(B{^f) (-2A6,-2Aea,-A) = l22™c(A) (^^Z) (-2A6, -2Aea, -A). 

Proof. — By definition of the standard Fourier transform on R ^ , we have 

[b^) (-2A6,-2Ae„,-A) = j e-'^-^^^^-^--^^^^-^''-^^)By{z,s)dzds 

Denoting 2A(,^fe ■ Za + £,a- Zb) + As by Jx{s, z, ^), it follows that 
{By)\-2X^b,-2X^a,-X) = I e^'^^(^'^^%-'(\^--\'~\^\^^ 
Using that 

and observing that the above series is normally convergent on any compact, we deduce that 
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This leads, since / G P(M^''+'), to 



2d+l^ 



X f e^-^^(^'^'«)e'^(l«-^l'-l«l')F«+^,A(e - ^)(? - zTf{z, s) dzds. 
Recalling that 

we get 






X (^A^7(^ - zrf) (-2A6, -2Aea, -A). 

Let us study separately each term of the above series. By Lemma A. 2 and using the fact 
for A > 0, Qj = d^j , we obtain 

^(z,/)(A)F = ^[%,^(/)(A)]F. 

In particular, for any 7 G N , 

j-(z,/)(A)F^,A(e) = ^{di:^Hf)WF^AO - Hmm^F.Ao)- 

The frequency localization of the function / in the ring 2^™'C(A) implies then that the support 
in A of J'ii^i — Zi)f){X)Fy^x{^) is included in the same ring 2^™C(A). An immediate induction 
implies that for any multi-index a the support in A of -F((^ — z)"/)(A)F^^a(0 is still included 
in the same ring 2^™'C(A). Therefore, the support in A of 

(>!?+"(? - zrf) (-2ACfe, -2XU, -A) 
is included in the ring 2^™C(A). 
As each term of the series is supported in a fixed ring, the same holds for the function 



S^_^/j(-2A^,,-2A^„-A), 
which ends the proof of the lemma. D 

The following results will also be useful in Chapter 5. 

Lemma 4-17. — There exists a constant C such that for any function f , 

(4.4.7) ||A„Ag/||^^(Hd) < C||A,/||^^(Hd) 

for any integers m and q. 

Moreover if p is a nonnegative real number, then there exists a constant C such that for any 

function f 

(4.4.8) l|Am/llL-(H<^)<C2-™n|/||^,(H.). 
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Proof. — Let us first prove (4.4.7). We shall only give the general idea of the proof, as the 
method follows closely a strategy initiated in [7] for the study of Littlewood-Paley operators, 
and followed also in [6] in the analysis of the heat operator. 

Recall that 

^(A™AJ)(A) = 0(2-2- A)^(/)(A)(/)i?*(2-25Z)A). 

where (p and R* are smooth radial functions with values in the interval [0, 1] supported in a 
unit ring of R. This can be also written 

where R* is a smooth radial function compactly supported in a unit ring so that R*R* = R* . 

According to the fact that the Fourier transform exchanges convolution and composition, we 
have 

where the function hm,q is defined by 

Hhm,q)(.X) = H2-'"'X)R*{2~^''Dx). 

Taking advantage of Young's inequalities, it therefore suffices to prove that the function hm,q 
belongs to L^(]HI ) uniformly in m and q. 

By rescaling, we are reduced to investigating the function hj defined by 

^(/i,)(A) =%(2-2^A)i?*(Z)A). 
By the inversion formula (1.2.31), we get 

(4.4.9) h,{z,s) = ^Y. /e-^'''A(2-'^A)i?*((2m + d)A)L(;J-i)(2|A||z|2)e-l^ll^l'|A|'^(iA. 

In order to prove that hj belongs to L^(IH ) (uniformly in j), the idea (as in [7] and [6]) 
consists in proving that the function {z,s) i— )■ {is — \z\'^)^hj{z,s) belongs to L°°(IH ) with 
uniform bounds in j. 

Let us start by considering the case /c = 0. It is easy to see that the Laguerre polynomials 
defined in (1.2.30) page 21 satisfy for all y > 

Since is bounded, this gives easily after the change of variables /3 = (2m + d)\ 

(4.4.10) \h,^i^z^s)\<CY,\ [\R*mdP- 

m 

To deal with the case /c 7^ 0, we use the result proved in [7] (see also Proposition 1.11 recalled 
in the introduction) stating that for any radial function g, one has 



J'{iis-\z\^)giz,s)){X)F^^x = QUWFa,x, 
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where for all m > 1, 

f] fff 

Q*mW = -J^QmiX) - jiQmiX) - Qm-l{\)) ifA>0, 

Q*mW = ^Qm(A) + ^-(Q™(A)-Q„+i(A)) ifA<0 

while Qm is given by 

^(<7(z,s))(A)F«,a = Qh(A)F«,a. 

The proof then consists in applying Taylor formulas in the above expressions in order to reduce 
the problem to an estimate of the same type as (4.4.10). The only difference with the case 
treated in [7] and [6] lies in the dependence on j. However it can be noticed that due to the 
support assumptions on (j) and i?*, there are two positive constants ci and C2 such that 

^■(^>^) = ^ E /e"^'''/'(2-'^A)i?*((2m + d)A)L(;^-i)(2|A||z|2)e-l^ll^l'|A|'^dA 

with Cj = {m G N, ci2~ ^ < 2m + d < C22~ ^}. Now let us decompose hj into two parts: 

hj{z, s) = hj [z, s) + hj {z, s), where 

h]{z,s) =^^ J2 /e"'^'</'((2"i + d)A)-R*((2m + d)A)L(^-i)(2|A||2|2)e-l^ll^l'|A|'^dA. 

The term h^ is dealt with exactly in the same way as in [7] and [6]. 
For /i^ we shall use the Taylor formula 

0(2-2-'A) - (/)((2m + d)X) = (2-^^ - (2m + d))X [ (t>'{t2-^^X + (1 - t)(2m + d)X) dt. 

Jo 

But for any tti G Cj, one can find am G [c2 , Ci ] such that 

2-2i = am{2m + d). 
It follows that one can write 

(/)(2-2^A) - (t){{2m + d)X) = (a„ - l)(2m + d)X / (j)' ([to™ + (1 - t)]{2m + d)X) dt 

Jo 

and the change of variables u = tam + (1 ~ gives 

R*{{2m + d)X) {(l){2-^^X) - (/.((2m + d)X)) = (2m + d)A^*((2m + d)X) 

X / (l)'{u{2m + d)X)l[i^^^]du. 

This form is of the same kind that considered in [7], and allows to end the proof of (4.4.7) 
exactly in the same way. 

Let us prove now (4.4.8). On the support of the Fourier transform of ApA^, we have Dx ~ 2^^ 
and |A| ~ 2^*". Therefore, 2^*^^"™-* has to be greater than or equal to 1. This implies that the 
only indexes {p, m) that we have to consider are those such that < m < p. So 

A-m/ = Am (Id — Sm-l)f- 
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Therefore using (4.4.7), we have 

q>m—l 

- ^ Z_^ 1 1 ^9/ 1 1 LOO (H'*) 
q>m—l 

q>m— 1 

SO finally 

||Am/||Loo(]H[d) < C2 ll/llc7P(H'*)- 

That proves the lemma. D 



CHAPTER 5 



THE ACTION OF PSEUDODIFFERENTIAL OPERATORS 

ON SOBOLEV SPACES 



In this chapter we shall be giving the proof of Theorem 5. In the first paragraph we reduce the 
study to the case of operators of order zero, and in the second paragraph we show that it is 
possible to restrict our attention to a fixed regularity index in a certain range. We then follow 
the strategy of the proof of continuity of pseudo differential operators in the M case due to R. 
Coifman and Y. Meyer [22]. The proof is based on the two following ideas: we introduce the 
notion of reduced symbols (see Section 5.3) of which we prove the continuity. Then, we obtain 
in Section 5.4 that any symbol a of order on the Heisenberg group is a sum of a convergent 
series of reduced symbols, and finally deduce the continuity for the operator Op(a). 

Let us mention that the proof below would be much easier if the symbols were only functions 
of {w,y,ri), and not also of A : in that case, one would not need to use an additional cutoff 
in A via the operators Ap (see Section 5.5), which will induce some technicalities. 



5.1. Reduction to the case of operators of order zero 

In this paragraph we shall reduce the study to the case of zero-order operators. Suppose 
therefore that the result has been proved for any zero-order operator, meaning that for any 
operator b G 5'jjd(0) of regularity C^(IH ) and for any |s| < p if p > 2{2d + 1) (resp. < s < p 
if /? > 0), the operator Op(6) maps continuously H^{M ) into itself. 

Let a be a symbol of order ^ G M. Then for any / G H^(M. ), 

Op{a)f{w) ='Ll j tr(ui^,Hf)WMw)) \\\U\ 

with 

FU){\)A)^{w) = Hf){\)Jlop^{a{w,X))Jx 

This can be written 

Ov{a)f{w) = Op(6)(Id - AH.)t/(t«), 

where b = m_'^a is a symbol of order 0. The boundedness of Op(6) from H'^~f^ to H^~^ 
for |s — /i| < p (resp. 0<s</jif/9>0) then yields the existence of constants C and C such 
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that 

||Op(a)/||^.-. < C ||(Id - Ajj.)^/|b.-M < C WfWns. 

Therefore it suffices to prove the theorem for symbols of order 0, which we will assume from 
now on. 



5.2. Reduction to the case of a fixed regularity index 

In this paragraph, we shall reduce the study of the continuity of pseudodifferential operators of 
order on Sobolev spaces from arbitrary Sobolev spaces H^iM. ), to one Sobolev space H^iM. ) 
with a regularity index s such that < s < (5o, where 5q (chosen equal to p — [p]) will be the 
index entering the assumptions of Proposition 4.14, page 72. 

In order to do so, let us suppose that the continuity in H^{M. ) is proved for any symbol of 
order with Q < s < 5q (note that 5q < p). Consider a symbol a{w, A, ^, rf) of order 0. Let a 
be a multi-index in N with \a\ < [p] and, using Proposition 2.9, define the C ° symbol ba by 

Op(6,) = Z°Op(a)(Id - Ajj.)-^. 

Then Op(6q,) maps H^{M. ) into itself for < t < 6o. Therefore, there exists a constant C 
such that for any / G i7*+[''l(H'^), 

l|Op(a)/||^,+[„(jj,) = Yl l|Op(fea)(Id-Ajj.)^/||^,(jj.) 

H<[p] 

< C Yl ll(Id-Ae.)^/||^.(e.)=C^ 11/11 Wi(H^)- 
l"l<[p] 

Therefore, Op(a) maps i7*(H ) into itself for s = t + [p], t < 6o, whence for < s < p. 



Assuming p > 2(2d+ 1) and using the fact that the adjoint of a pseudodifferential operator is a 
pseudodifferential operator of the same or 

Then s = is obtained by interpolation. 



pseudodifferential operator of the same order, we get the continuity on H^{M ) for < |s| < p. 



5.3. Reduced and reduceable symbols 

Let us start by defining the notion of reduced and reduceable symbols. 

Definition 5.1. — Let t be a symbol. Then t is reduceable if it can be decomposed in the 
following way: for all {w,X,^,r]) £ M'^ xR* x M^'^ 



t{w,X,^,r]) = Y t'^i^^^^^^v), where 



kei? 



t\w,X,Lv) = b'l,iw,X)^''{X,tr])+Yb';iw,X)'^';iX,tr]). 

p=0 



5.3. REDUCED AND REDUCEABLE SYMBOLS 85 

with 

^^(A,e,ry) =^^{V\M^,V\)^\V) while ^{^,v) ^f e^H2-n,2-^,)^^^-2v^^2 ^ ^2^^ 
and ^ is a smooth function with values in [0, 1], compactly supported in ]0, oo[. 
Similarly 

^''{X,^,v) = ^HV\MtVW\v) where ^''{C,v) = e'^^^'^^^if + r]^) 
and ^ a smooth function with values in [0, 1], compactly supported in] — 1,1[. 
Finally the functions bp{-,X) belong to the Holder space CiM. ) with 
(5.3.1) sup||6p(-,A)||(^p(jjd) = Ak <(X). 

p,X 

The symbols t^ are called reduced symbols. 



It follows from the analysis of the examples of Chapter 2, Section 2.1 that for any /c G Z 
and p G N, the operator Op{bp{w, X)^p{X, S,, rj)) is bounded in H''^{M ) since one can write by 
easy functional calculus 



Op[b';{w,x)<^;{x,^,v)) =Op[b';{w,x)) oOp[^';{x,c,r])^ 

where the two operators of the right-hand side are bounded operators on H^(M. ) (see Chap- 
ter 1, Sections 2.1.2 and 2.1.4 respectively). 

The same fact is true for Opf 6^^(w, A)^'^(A,.^,?7) J . Besides, by Proposition 2.2 stated page 35, 

there is a constant C (independent of k) such that 

(5.3.2) \\Opib'l,iw,X)^'iX,tvmc(H^(m'')) < C Ak\\^'\\n;S(i,g) and 

||Op(6^(w;,A)$^(A,^,7?))||^(^,(Hd)) < CAk\\^%,s{i,9) 
where we recall that g is the harmonic oscillator metric of Section 1.3.2 in Chapter 1. 
The main ingredient in the proof of Theorem 5 is the following result. 

Proposition 5.2. — Let k be fixed in Z and t be a reduced symbol as defined in Defini- 
tion 5.1. The operator Op(t'^) maps continuously H'^(E. ) into itself for < s < p. Its operator 
norm is bounded by CAk{l + lA;!)" for some integer n, where C is a constant (independent 
ofk). 

The proof of this proposition is postponed to Section 5.5. 



Remark 5.3. — Due to Proposition 5.2, a reduceable symbol t is the symbol of a bounded 



operator on i7*(]H'^) as soon as (^^(1 + \k\)"-), j^2d belongs to (.^{I?'^). 
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5.4. Decomposition into reduced symbols and proof of the theorem 

The aim of this section is to prove the following lemma. 

Lemma 5.4- — Let a be a symbol of order 0. Then a is reduceable and, with the notation of 
Definition 5.1, for any integer N , there is a constant Cn such that for any fc G Z , 

Cn 



(5.4.1) Ak < 



(l + |fe|) 



N 



In view of Remark 5.3, Lemma 5.4 gives directly Theorem 5 (up to the proof of Proposi- 
tion 5.2). 

Proof. — Let us consider ^ and (j) defining a partition of unity as in (4.4.1) page 76: one can 
write 

(5.4.2) V(A,e,r?)GM*xM2^, ^ [\X\{e + v^)) +Y,^{2-^'P\\\{e + V^)) = I- 

Then 

a{w, A, e, V) = a{w, X, t ^)V' (I A| (?' + r/^)) + ^ a{w, A, t v)<P (2-'^| A| (^^ ^ ^2^^ 

= 6_i(«;, A, 7Re, ^\t,) + Y, M^, A, 2-P^e, 2-Py^\v) 

p>o 

with 

b-i{w,X,^,r]) = a{w,X,i,r])i){i'^ +rj^) and 

6p(^,A,e,r?) =^ a{w,X,1Pi,2Pr,)<P{e + ri') for p > 0, 

where a(tt), A, ^, ry) = a(w,A, — ,— ^). The functions &p are compactly supported in (,^, 77), 

in the ring C for p > and in the ball B for p = —1. Moreover, denoting by 9 a differentiation 
in ^ or ?7, we have, for all p > — 1, 

db^{w, A, e, V) = 2P{da){w, A, 2^^, 2Pr^)(P{e + r/^) + 2 (cj^'if + r/2)5(t^, A, 2^^, 2^7?). 

We deduce that 

OP 

\dbJw,X,(,r])\ < C , =\(l)(f + r]'^)\+C\C\\(l)'(f + v'^)\, and 

\Xdxbpiw,X,C,v)\ < C\Xdxaiw,X,2PC,2Pr])\ 

so using the boundedness of the symbol norm of a and the fact that (p is compactly supported, 
and arguing similarly for higher order derivatives, one gets the following uniform norm bound 
on bp-. 

(5.4.3) sup WiXdxrd^. M;X,^,v)\\c,^j,.) < Cp^rn- 
pXi,v 
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Now, since for p > the functions bp are compactly supported in (^, rj), in a ring C independent 
of p, we can write a decomposition in Fourier series: 

where is a smooth, radial function, compactly supported in a unit ring, so that 00 = (j). We 
have of course 



(5.4.4) bliw.X) 

Along the same lines, we get 



1 



{2'kY 



-'''<^'%{w,\,^,v)d^dr,. 



where ^ is a smooth, radial function, compactly supported in a unit ball, so that V'V' = V'- 
Defining 

it turns out that 

a{w,X.i.r,) = b^r{w,\^\i,^\r,) + Y,hl{w,X)<^\2-P^\i,2'P^\r,) 

p,k 

= b.i{w,X,y^\tV\Mv)+Y.^Hw,X,C,v). 



That concludes the fact that a is reduceable. It remains to prove (5.4.1). From the integral 
formula (5.4.4), we infer that for any multi-index (3 and, to simplify, for p > 

k^e-'''-^^''^hpiw,X,C,7])dCdr] 



k%{w,X) 


= 


1 

(27r)rf 




< ( 


= i 



d^^^^^^bp{w,X,^,r]) 



d^dr] 



Using (5.4.3), we deduce that 
(5.4.5) 

and Lemma 5.4 is proved. 



sup 

P,X 



k%i;X) 



cp{m'') 



<Cs 



D 



5.5. Proof of Proposition 5.2 

Now it remains to prove Proposition 5.2. We will first give the main steps of the proof and 
peform some reductions, and then prove the result. 
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5.5.1. Reductions. — Let us give the main steps of the proof. An easy computation gives 
that there is a constant C such that for any integer p and any fc G Z , 

\\^^\\n;Sil,g) + \\^\\n;S(l,a)<C{l + \k\r. 



(5.5.1) 

Therefore, in view of (5.3.2), one has 



C{HHW^)) 



<CAk{l + \k\r. 



It remains to consider p G N, and in particular to control the sum over p. The fact that bz{w, A) 
depends on A induces a serious difficulty, which we shall deal with by considering a partition 
of unity in A. Thus by the same trick as before, we use functions (p and V' such that (4.4.1) 
holds and we write 

hl{w, A) = bl{w, A)V^(A) + Y. bl{w, A)0(2-2- A). 

Using the fact that (f) is compactly supported, we decompose the function yi{w,2^^\)(l){\) in 
Fourier series and write 

ji^i reNjez 

where 

blLi{w)= f e-'iHl{w,\)i,{X)dX, bl{{w)= f e-'^Hl{w ,2''' \)4>{\) d\ 
Jb ' Jc 

and (/), ip are smooth and compactly supported respectively in C and B, such that c/xj) = (/), 
and ipip = ip. We observe that Estimate (5.4.3) satisfied by bp ensures that for all integers N, 
there is a constant Cn such that for all indexes p, r,j, k, we have 

(5.5.2) --- ^^'"-^-' - ^^ 

Indeed, by the Leibniz formula 



sup(l + \j\f\\b^^Jcp{m'i) ^ {i + \k\)N ' 



fk^bl{{w) 



< 



•m<n 



-ijX/ \i)2r\m 



{\2^'-)"'kP{dl'bl){w, 2^'X)\~'^{dl-'^4>){\) d\ 



m<n 



< Csup \kP{^^^^^bl{w,^l) 

(A9A)'"4,,)6p(t«,A,y,r/) 



< C sup 

A 

m<.n 

Owing to (5.4.3), we deduce that (5.5.2) holds. That estimate will ensure the convergence 
in j of the series. In the following, we therefore consider, for each j and fc, the quantities 

?^(«;,A,C,r/) t^ J]6jf_^(«;)V.^(A)$^(A,C,r/) and 
p 

p,r 

where 4^{X) = e'^^'^(/){X), and ip^{X) = e'^^^ip{X). Then we will consider the summation in k 
and j of t'^-' and l^K 
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The analysis of the convergence of t -^ follows the same lines as that of t^^ with great sim- 
plifications since the summation is only on one index, namely p. Therefore, we focus on the 
convergence of t -^ and leave to the reader the easy adaptation of the proof to the case of tr^ . 

Let us therefore now study t ■'. We truncate 6^;^ into high and low frequencies, by defining 
(for some integer M to be chosen large enough later, independently of all the other summation 
indices), 

QGI /-> ' QGI h- ' 

(5.5.3) £pr = Sp-Mbp^^r and hpr = (Id - Sp^M)hp]r, 

where Sp is a Littlewood-Paley truncation operator on the Heisenberg group, as defined in 
Chapter 4, Section 4.1. Let us notice that by Lemma 4.13, one has the following norm 
estimates on Ipj. and hpr'. 

sup ||£pr|lcp(H'') — sup I Pp,r II CPfH'') 
p,r p,r 

sup II /ipr 11/^ oomd) < 2 sup IIOp^^ll^pWx 

r p,r 

sup ||/lpr||c<T(]Hid) < 2 sup ||6p_^||(-ip/]g[d-), 

r p,r 

for < cj < p. 

This allows us to write t -^ = r* + r , with 

t«(^,A,e,r?) '^^^Y.^pr{wW{2'^'-X)^H2-'^^\i,2-P^\^) and 

p,r 

?(u;,A,e,r?) ='j;VH</'''(2-'''A)$^(2-P^e,2-Pv1^ry). 

p,r 

We have dropped the indexes k and j to avoid too heavy notations. Before performing the 
study of each of those operators, we begin by a remark which will happen to be crucial for 
our purpose. 

5.5.2. Spectral localization. — In this subsection, we take advantage of Proposition 4.14 
of Chapter 4 (see page 72) to use spectral localisation. We first observe that 



$fc(A,e,r/) = eVl^l^-(2-«.2-^'?)ci,(2-2P|A|(^2^^2)) 

= ^i^\k-i2-^^,2-Vr^)^^2-^P\X\{^2 ^ ^2))5(2-2P|A|(e2 ^ ^2))^ 

where <1> is a smooth radial function compactly supported in a unit ring so that <1><I> = $. 
Symbolic calculus gives that for any A^ G N, there exists a symbol r^ such that 

op^{^l) = op^{^l-ap) 

= op^{^l)oop^{ap) + op^{r['^^), 
where ap{y,r]) = $(2^2p|_\|^y2 _|_ ^2^^ ^^^ ^^^ ^^y. jj^^gggj- ^^ one has 

llC^IU;5(i,.)<C^(l + |A:|)^+"2-^^ 
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One obtains that for some integer n, 

and since Op(r^ ) is a Fourier multiplier we get 

(5.5.4) l|Op(ri^VllH.(H-) < C2-^^(l + \k\f+-\\u\\^.^^.y 

Since we deal with Fourier multipliers, we have 

Op($^)t/ = Op(ap)Op(<l>^)n + Op{ril^)u. 
Finally, by Proposition 4.14 of Chapter 4, we get 

Op(<l>^)n = ApOp(ap)Op(<I>^)n + J]AgOp(ap)Op(<l>^)n + Op(rgV 

(5.5.5) = ApOp(ap)Op($^)n + j;Agi?p,,Op(<l>^)n + Op(r[^V, 

<}¥=p 

where 

(^0.0. o; ll-f>^p,'?ll/:(//s(H'*)) — "-^^ 

Therefore we can write 

0p(t) = 0p(t») + 0p(t^) + 0p(t^) 

with, writing 0^(A) = <f>^ {2-'^'' X) 

(5.5.7) Op(t«) = J]V(«^)ArApOp(ap)Op(0^,$^) 

p,r 

+ ^ hpr{w)ArAqRp^yOp{(g<^';) 
p,r 

q¥'P 

(5.5.8) Op(t'') = ^£pr{w)ArAp0p{ap)0p{4'^^) and 

Pi*" 

+ Yl ^rHKAgRp^gOpi^.'^';) 

p,r 

q¥'P 

(5.5.9) Op(t^) = j;6,^;',(^)A.0p(r(^)) 

Pi*" 

with A^ = Op(0(2^^'"A)) and is a compactly supported function in C such that (pcj)^ = </>■'. 

In the following, we are going to study each of these three terms, beginning by Op(t^) which 
is a remainder term. Besides, in order to simplify the notation we shall write 



u, 



kj 
pr 



def 



Op{4^^p)u, 



and we recall that due to (5.5.1) and to the fact that Op{(f)i^p) = Op{(t>i)Op{^p) with Op{(f>i) 
of norm 1, there is a constant C such that for all indexes p, r, k,j, 

(5.5.10) HIWhs <C(l + |fe|)"||n||H- 
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Moreover, by quasi-orthogonality (see Chapter 4, Subsection 4.4), we have 



(5.5.11) 



ApArUpi\\L2 < C(l + |/c|)"CpCr2 ^^^ WuWh" 



where C is a constant and Cp, Cr denote from now on generic elements of the unit sphere 

off(Z). 



5.5.3. The remainder term. — We drop the A;j-exponent in bp-jr for simplicity and de- 
compose bp^r in A- frequencies: bp^r = Ylm ^mbp,r so that Op(t'') is now a sum on three indices. 
We decompose this sum into two parts, depending on whether r < m + Mi or r > m + Mi 
where Mi is the threshold of Proposition 4.15 stated page 77. 

Let us consider the first case, when r < m + Mi. We choose a such that s < a < p and by 
Lemma 4.17 page 79, we find constants C such that 

||Am(&p,r) ArOp(r^^p )u\\jjs(jid-^ < C* || Am(&p,r) |lc<T(]Hid) ||Op(r^^p JMH^'iM'^) 

< C2-(''--)^,||0p(r(^VllH»(e'') 

< C2-'"(''-'^)^fe2-^P(l + |fc|)^+"| 

where we have used estimates (4.4.8) and (5.5.4). We then obtain 



liT" 



y^ Am(6p,r)ArOp(r[_ 

m,p,r<m+Mi 



(N), 



H^iW^) 



< C [^(m + Mi)2- 

\m,p 



m(p-<r)2-Np\ (l + I^DA^+n^^l 



U\ 



H'iW^) 



which ends the first step. 



We now focus on the sum for r > m + Mi and we use that by Proposition 4.15, the func- 
tion Arn{bp^r) Ar.Op(r^ )u is A-localized in a ring of size 2''. Therefore, in view of (4.4.4), it is 

enough to control the H^(M'^)-iaoricn of "^p ^ A^ibp^r) ^rOp{r\')u by c^ with (c^) G i"^. We 
observe that by Lemma 4.17 and (4.4.4), there exists a constant C such that 



(N). 



\\^m{bp,r) ^rOp{rl.J)u\\j^s(^j^d) 



< C 



w. 



|Am(^p,r)|lc<T(ed) Cr l|Op(^fc,p "^WH^iW^) 



< C2— (''-)AfcC,2-P^(l + |fc|)^+"||n||^.(jj.) 
where s < a < p and where we have used again (4.4.8) and(5.5.4). Therefore, we obtain 



Am(^p,r) ArOp(r^_ 



(N), 



m,p 



< Cr 



H" 



') 



\m,p 



m{p—a)iy—Np 



\N+n 



l + lkiy^^^^AkMHs 



which achieves the control of the remainder term. 
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5.5.4. The high frequencies. — Let us estimate Op{P)u in H^ for any |s| < p. For any 
function u belonging to i7*(]HI ), we have 



Op{t^)u = ^(u^^ + wl,,) with 



p,r 

u^r = hprApArOp{ap)Upi and w^^. = y^^ hprAgArRp^gUpi- 

Let us deal with Upr. As noticed in Chapter 4 Section 4.4, on the support of the Fourier 
transform of ApOp((/)(2-2'-A)) we have Dx ~ 2^^ and |A| ~ 22^ Therefore, 22(P-^) has to be 
greater than or equal to 1. This implies that the only indexes (p, r) that we have to consider 
are those such that < r < p. We will then simply bound the sum of norms of the terms Upr- 

To do so, let us choose a such that |s| < cr < p. This leads, by Lemma 4.13, to the following 
estimate 



\u" 



I ^ r<n^pip^'^)\\h II iL.'^iii 



■"pr 1 1 -« — ^ " II' "pr \\i^'' \\ ^pr I 

Finally, thanks to (5.5.10) and to the definition of hp^ recalled in (5.5.3), we obtain for some 
integer n (recalling that < r < p) 

Y.Hr\\H^ < Cil + \k\r\\u\\Hs^p2-P^f-''hnp\\hpr\\c>' 

r 
p,r p 

< C(l + |A;|)"||u||H=^p2-P(''-'^)Afc. 

p 

Since a < p and p > —1, we infer that u i— )■ > Up^ is bounded in the space C{H^{M )), by 



the constant C(l + |A;|)"ylfc. 



p,r 



Let us now study Wpr- Arguing as before, we restrict the sum on the integers r such that r < q 
and we get 

^\\wI\\h^ <CY^ 2-P(^-'^)gsup||Vllcp2-'^«|P-^l(l + |fe|)"||t/||H- 

As before, we get a control by C(l + |fc|)"^jfc. 

So the high frequency part of t^'^ satisfies the required estimate. 

5.5.5. The low frequencies. — We recall that by (5.5.8), we have for any function u 
belonging to i/"(]HI"') 

Op(t )u = y_]{Upr + Wpr) with 

p,r 

Qy^P 

In the following, we are going to use the frequency localization induced by Ap in the sense 
of Definition 4.1. In particular, using Proposition 4.1 of [5] (the statement is recalled in 
Proposition 4.9 page 67), we will be able to say something of the localisation of a product of 
localised terms. We want to use also the localization in A induced by A^. For that purpose, we 
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truncate i-pr and in doing so, we add a new index of summation. We set ipr = y ^m^pr and we 

m 

immediately remark that since ipr is a low frequency term, then for m > pwe have Amipr = 0. 
Therefore, the index m is controled by p. 

According to (4.4.8), one deduce that 

(5.5.12) ||Amtpr||^oo(-jjd) < C2 sup ||Op^^||(-,p/jjdN, 

p,r 

where C is a universal constant. 

We can now go into the proof of the proposition for Up^.. Let us start by studying 

^prm — -^'■m'^pr^p-'^r^P\(^p)^pr- 

As soon as the threshold M is large enough, Uprm is frequency localized, in the sense of 
Definition 4.1, in a ring of size 2^ due to Proposition 4.9 page 67. So we can use Lemma 4.8 



to compute the H^ norm of > 



"'prm' 



Consider the threshold Mi given by Proposition 4.15. We shall argue differently depending 
on whether r < m — Mi, r > m + Mi, or |r — ml < Mi. 

For r < m — Mi, it is enough (due to Lemmas 4.8 and 4.15) to prove that for any p,m &N, 
(5.5.13) Yl Hrrr^L'^ < C Ak{l + | A;|)% c„||u||^. 2"^^ 

r<m—Mi 

We observe that 



u: 



^i ILo < WKJ.Wr^AWKnT^inAii^J 



prm\ 



L2 < IIAm^prllioo II ApArOp(ap)itp^ 112,2 



< C ||A„,VIIl- Cp Cr{l + |A;|)" 2-P' \\u\\hs 
by (5.5.10) and (5.5.11). Therefore, for all integers m we have 

Yl HrmWl^ < C{l + \k\TCp2~'P'\\u\\Hs Y. Cr||A„Vlli° 
r<m—Mi r<m—Mi 

< C(l + |A;|)"Cp2~P* \\u\\h'^ ^/m sup \\Amipr\\L°° 

p,r 

by the Cauchy-Schwartz inequality. So it is enough to have 

(5.5.14) V^ sup ||Am-^pr||L°° 



-pr] 
p,r 



<CAk 

^2(N) 

to ensure that (5.5.13) is satisfied, which is implied by (5.5.12). 

Let us now consider the indexes r > m + Mi. This time, it is enough to prove 
(5.5.15) Y HL\\L^<CAkil + \k\rcpCr2-P'\\u\\Hs. 
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We have, following the same computations as above, 

Y^ IWpimh^^C Y^ \\A^£pr\\L-^CpCr{l + \k\r\\u\\Hs2' 



-ps 



m<r—Mi 



m<r—Mi 



Therefore, if 
(5.5.16) 



y^SUp||AmVI|L°° < CAk, 



p,r 



we obtain the expected result, namely (5.5.15). Condition (5.5.16) is obviously ensured 
by (5.5.12) which achieves the estimate of (5.5.15). 



Finally, let us consider the case |r — m| < Mi. We shall analyze for j' € NU{— 1} the quantity 
Aj' iAmipr^p^rOp{o.p)up-' I. We claim that 



< CAkil + |A;|)"cj/ Cp||n||//.2- 



(5.5.17) Y ^3' {^mtpr^pKO^{ap)ul^ 

r,m 
\r-m\<Mi 

which by quasi-orthogonality will prove the result. 

We observe indeed that by Proposition 4.15, there exists a constant M2 such that 



ps 



L2 



Y ^r (^Amipr\ArOp{ap)u'^ 

r,m 
\r-m\<M\ 

Therefore arguing as before. 



Y ^j' (AmiprApArOp{ap)u^j. 



y^ Aj' (Am£pr\ArOp{ap)^ 



Jpj, 1 . 



\r—m\<Mi 
r>j'-M2 



\r-m\<Mi 



L2 



< C(l + |/c|)"Cp2 P*||ti||i^s Y CrSUp\\Amipr\\L° 



The property 
(5.5.18) 



j'<r-M2 
\r-m\<Mi 



3eo > 0, sup(sup ||A„Vlli-2™"") < CAk 

m r,p 



p,r 



induces that the sequence y^ 2 "^^^Cm belongs to f^,, which is enough to prove the 

m>j' 

claim (5.5.17). Estimate (5.5.12) implies (5.5.18) which concludes the proof of (5.5.17). 



Now let us turn to Wp^.. We shall separate Wpj. into three parts, depending on whether q^ p 



or (7 <C p, or g ~ p. More precisely, let A'^o G N be a fixed integer, to be chosen large enough 



5.5. PROOF OF PROPOSITION 4.1 95 

at the end, and let us define 

V = V* +V +V^ = 2_,{'^pr + ^pr + ""pr) = /_, '^pr "^i^h Wpj. = V^^ + Vp^. + V^^ while 
p,r p,r 

^pr — / ^ ^pr^q-'^r-^p,q'^pr anCl Vp^ — / ^ ^pr^q^^r^p,qUpf 
q>p+No q+No<p 

Recall that to compute the H^ norm of v , one needs to compute the £^ norm in j of 2-''' 1 1 A j u 1 1 ^2 . 
We are going to decompose as before ipr = Ylm^m^pr ^^^ consider the cases m < r — Mi, 
m > r + Ml and |r — ?rt| < M2. For each term, we use the same strategy as the one developed 
before, in the case of wLj.. We shall only write the proof for the indexes m < r — Mi and leave 
the other cases to the reader. 

By quasi-orthogonality, it is enough to prove 

(5.5.19) I|Aj<||l2 < CAk{l + \k\rcjCr2-^'\\u\\Hs, 

where v* = "^pWpj. and * stands for fj, b or 1^. 



• The term v^: Let j > —1 be fixed. We recall that ipr is frequency localized in a ball of 
size 2^~ and AqAr-Rp^qUpr in a ring of size 2'^, so by the frequency localization of the product 
(see Proposition 4.9 page 67), there is a constant iVi such that 



^i^? = Yl Yl Y ^J (A„,iprAgArRp,gu: 



kj 
pr 

m.<r-Mi\j-q\<Niq>p+Ni, 



Therefore, we have 



2^'^||A,-4||i2 < 2^-' E E E \\^MmiprAgArRp,q4mL^ 

m<r~Mi \j-q\<Ni q>p+No 

<C 2^' Yl E Yj \\^fnipr\\L^\\AqArRp,qU^i\\L2 

m<r-Mi \j-q\<Ni q>p+No 

^^ E E E 2(^"'^'||A„VllL-c,c,2^"(P-«)(l + |fc|)"||n||^., 

m<r-Mi \j-q\<Niq>p+No 

where we have used the fact that 

2'i'\\AqArRp,qU^i.\\L2 < CCg C^ ||i?p,gU^^ ||/f« 

< CCqCr2^^^P-'^^\\u';^\Hs 

by (5.5.6), and then (5.5.10). Assuming (5.5.16), the result follows from Young's inequality 
which ends the proof of (5.5.19) for v^ thanks to (5.5.12). 

• The term w . Using again the frequency localization of the product, one can write that for 
some constant N^, 
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m<r-Mi j-p<Ns q+No<p 

< C2^' E E E \\^mlpr\\L^2-'l'CrCg\\Rp,gU^pi\\H^ 

m<r-Mi j-p<Nii q+NQ<p 

m<r—Mi j—p<N;i q+No<p 

< C{l + \k\rCr\\u\\Hs E W^rnlprh^ E 2^'""^' E C,2(*'-^)(''-P) 

m<r-Mi j-p<N'-i q+N'o<p 

thanks to (5.5.6) and (5.5.10). 

Applying Young inequality, we thus obtain for < s < Sq 

(5.5.20) 2^'\\Ajv^\\l2 <C{l + \k\)''cr\\u\\H^ ^ ||A^VIIi- E '^^^'^^'' 

m<r~Mi |i-p|<-'V3 

This ends the proof of the result by Estimate (5.5.12). 



Cp. 



• The term f': We recall that 

v^ — S^ S^ A/AAR v''^ 

u — / ^ / ^ J-^m'"pr'-^q^^r^^p,q"'pr' 

m<r-Mi \p-q\<cNo 

It follows that 

2^-mAjV^h2 < CV' Y. E \\^mtpr\\L^\WKRp,qul^\L2 

m<r~Mi -l<j<q+N3 
\p~q\<No 

(5.5.21) < C(l + |A:|)"c,||n||^. Yl W^rniprh^^ E 2(^'-«)^c,2^"(^-P), 

m<r~Mi j<q+N'3 

\p-q\<No 

and we conclude as in the case of v . We point out that it is at this very place that we crucially 
use that s > 0. 

The proposition is proved. D 
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A.l. Left invariant vector fields 

Let us recall that on a Lie group G, a vector field 

X:G^TG 
is said to be left invariant whenever the following diagram commutes for all /i G G : 

G ^ G 

X i iX 

TG ^ TG 

where t^ is the left translate on G defined by Th{g) = h ■ g. It turns out that for any h & G, 

(A.Ll) X oTh = dThoX. 

In particular, 

Xih) = dThie)X{e), 

where e denotes the identity of G. Therefore, as soon as the vector field X is known on e, so 
is its value everywhere. 

Let us mention that this infinitesimal characterization is equivalent to saying that, for all 
smooth functions /, 

(A.L2) (Xh) = {Xf)h, 

where fh is the left translate of / on EI , given by //j = / o r/j. 

To start with the proof of the equivalence of the two characterizations, let us perform differ- 
ential calculus in (A. 1.1). We infer that (A. 1.1) is equivalent to 

{X O Th)f = {dTh O X)f, 

for any function / G C°^{G). This can be written for any /i, g belonging to G 

iXf){Th{g)) = df{Th{g)){dTh{g)X{g)) = d{f o Th){g)X{g) = X{f o Th){g). 
In other words 

iXf)0Th = Xif0Th), 

for any h £ G, which leads to the result. 
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A. 2. Bargmann and Schrodinger representations 

In this paragraph we discuss some useful results concerning Bargmann and Schrodinger repre- 
sentations, starting with the formula giving the Schrodinger representation, if the Bargmann 
representation and the intertwining operator are known. 

In a next subsection we prove some useful commutation results. 

A. 2.1. Connexion between the representations. — In section we shall give a formula 
for the Schrodinger representation, which is linked to the Bargmann representation by an 
intertwining operator. This formula is of course classical, but we present it here for the sake 
of completeness. 

We recall that the Bargmann representation is defined by 



uA^F(e) =F(^-z)e*^"+2^(5-^-|^r/2) for ^ > 0, 
n^'^F(e) = F(^ - z)e^^^-2^«-^-|^l'/2) for A < 0, 



and we also recall the definition of the intertwining operator, as given in (1.2.32) page 22: 

Proposition A.l. — Let v^ be the Schrodinger representation, defined by 

yPenx, KxutF = v^KxF. 
Then v\ ^ is given by the following formula: 

v^^JiO = e^^(^-2^-S'+2s/-«/(^ - 2x), VA G M* . 

Proof — It turns out to be easier to split the representation u^ into three parts, using the 
simple fact that 

w = (x + iy, s) = {0,s + 2y ■ x) ■ {x, 0) • {iy, 0). 

Let us prove the following relations: for A G M, x, y G M and s G M, VF G Tix and 77 G M : 
(A.2.1) (K,nfo^,)F) (r,) = e^'^K xF) (r^) , 

(A.2.2) (Kxu^.^f) (r^) = {KxF){^-2x), 



(A.2.3) (KAnf,,,o)^) (^) = e^'^'-'^iKxFMr^). 

Notice that those relations give 

[KxuiFj (r/) = (^Anfo,,+2x.j,)«?x,o)^?ij,,o)^) iv) 
= e^'^^+'^-^^ {Kxu\^,,A^y,,)F) (rj) 
= e^'^^+'y^^[Kxuf,^^,^F){r^-2x) 

^ ^iXs+2iXyr,-2iXyx ^j^^p^ ^^ _ ^^-^ 
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which is precisely the expected result. 

So it remains to prove the basic relations (A.2.1)-(A.2.3). The first one conies trivially from 
the fact that u^^ ^ is the multiplication by the phasis e* . 

For the two other ones, we write, for any function F in Tix and using Proposition IV. 2 of [29], 
Therefore, for A > 0, we have on the one hand 

5d/4 



Try jR^d 



5d/4. 2 

TT / VlRZd 



= e2^^^-^'(KAi^)(r/). 
On the other hand, one has 

5d/4 



(^A4,o)i") (^) = ( ^ ) e^ / ,, e-2^^''(''-''')-^l'''l'+2^^^-^-^l^l'F(it; - x) dv d^ 

A\ ^A^+2A|.p-2Ar,.x / g-2^A«{r,-r/-.)-A|r/-a=p^( -^^ ^^ ^^/ 

(\ \ 5d/4 2 /" 

A\ ^,k^ /■ e-2^M.-2.-,")-A|,"|V(,^)dnV 

TT/ 7M2d 

= {KxF\^-2x). 
Similarly, for A < 0, 

5d/4 



Kxu^ 



F(ry) = f-:^^ e-^ I e2*^^-(''-''')+^l^''l'+"l^l'+2^^^-(*^)F(i(t- + y))dz;d7?' 

(\ \ 5c(/4 2 /■ 



^d/i 2 



e^'^y''{KxF){7j) 
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and 

(\ \ 5d/A 2 r 

__) g-A^-2A|:r|2+2Ar,-z / e^^Mv-v' -x)+Mv'~^\'' JPf^iu-) ^^ df]' 

(\ \ 5d/4: I _„ ,2 r 

^/ JM2d 

= iKxF)i7]-2x). 
This proves the estimates, hence the proposition is proved. D 

A. 2. 2. Some useful formulas. — This section is devoted to various properties for 
Bargmann representation that we collect in the following lemma. 

Lemma A. 2. — The following commutation formulas hold true: 

^ [<5i > u^] = -Zjui and — [Q^ , u^] = ZjU^ . 
for any A G M* and any w = {z,s) ^M . 

Proof. — In order to prove Lemma A. 2, let us first recall formulas (1.2.27) giving the expres- 
sion of Qj and Qj : 

qX _ f -2|A|^, if A > 0, ^A _ r % if A > 0, 

^^' ~ \ % if A < 0, '''''' ^J' ~ \ -2\X\^j if A < 0. 

Let us now prove the first formula, in the case when A > 0. On the one hand, it is obvious 
that 

Q^utFiO = -2X^jutFiC). 
On the other hand, an easy computation implies that 

which implies that —ZjU^ = jx^-Q'j^^w]^ fo'^ A > 0. In the case when A < one has 

qy^FiO = d^^iu^FiO) 

= u^d^^FiO - 2Azje^^^-2A{?.j-|^|V2)^(^ _ ^) 

= u^d^^FiO-2Xz,utF{0 

1 
2A' 

It remains to check the formula for [Qj , u^]. Arguing as before, one gets for A > 
Q-u^FiO = %(n^F(e)) 



which ends the proof of the commutation properties —ZjU^ = -^[QjjU^]. 



u: 



%F(0 + 2Az^-e^^^+2A{f .-|^|V2)^(^ 



A 



utd^^F{0 + 2XzjutF{0, 
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which gives the formula in the case when A > 0. Finahy, for A < 

Q^utFiO = 2XCjutF{C) 

and 

uiQ^FiO = 2A(^, - z,)utF{0. 
This leads easily to the second commutation property. D 

Lemma A. 2 allows to infer the following result, which is useful in particular to prove 
Lemma 2.7. 

Lemma A. 3. — One has the following properties: 

Zjut-i = Qjut-i and 'Z]u^-r =Q~ u^^i. 



for any A G M* and any w = (z, s) G 



nd 



Proof — First, let us compute ZjU^ _^ in the case when A is positive. By definition, one has 
Z,ui-^F{0 = {d,^+i-z,ds)ui^.F{i) 

= (-2Ae, - Xzj + iz,i-iX))u^^,F{0 
= -2Ae,u^iF(0. 
Whence the first formula thanks to (1.2.27). 



Along the same lines, when A is negative one can write 
Z,ui-,F{0 = {d,^+iz,ds)ut-^Fit 



(a. + izjds)F{^ + z)e''^S'^^i~(---\^\'m 



= (Az, + izj{-zX))ui-,F{0 + ^^i%i^(0 
= 2Xz,u'^^,F{0+nt-A^F{0- 

We deduce thanks to (1.2.27) that ZjU^_i = 2XzjU^_i + u^_iQ'^. Let us remind that by 
Lemma A. 2, Q-j u^ — u^ Q^ = —2XzjU^ which can be also written 

Qj<-^-^t-^Qj=2Xz,ut-i. 
This implies that ZjU^ _i = Q^ u"^ -i, which ends the proof of the first assertion. 

Now, let us compute ZjU^^i. Again, one can write for A > 

Zjui-^FiO = {ck^-iZjds)ut^,FiO 

= {(h^ - iz,ds)F{i + ^)e-^«+2A(-5..-klV2) 

= n^-i%F(0 - {Xz, + tz,{-tX))ui^,F{£,) 
= n^-i%F(e)-2Az,n^_,F(0. 
We point out that, again by (1.2.27), this can be expressed as follows 

Zjul,-^ = u^-iQj - 2XzjU^-^. 
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But Lemma A. 2 states that QjU^ — u^Qj = 2XzjU^ which can be also written 

This ensures that ZjU^^i = QjU^-i in the case when A > 0. 
Finally, in the case when A < 0, one gets 



= {d^^ - izjds)F{C + z)e-'^s-2X(-i;-^-\z\y2) 

= (2Ae, + Xz, - izj{-iX))ui.,F{i) 

= 2XCjut-rF{0 

= Q]ui-,F{0 

where we have used one more time (1.2.27) for the last equality. This ends the proof of the 
lemma. D 

Finally let us state one last result, which provides the symbol of the multiplication operator 
by s. 

Lemma A. 4- — Let a G S^d{fi), w = (z, s) G W^ and w G W^, then 

ti {i~su^Jlop^{a{w,X))Jx) \X\''dX = Jti(u^Jlop^{g{w,X))Jx) \Xf dX 

with g G S^d{jx) and 

(A.2.4) a{g) = -dx {a{a)) 

or equivalently 

(A.2.5) g = -0^a + ^ Y. (^J-^''. + ^M^ 

Proof. — Let us first observe that by Proposition 1.23 page 29, the function g defined by 
(A.2.4) is a symbol of order ^ since 

(1 + |A| + y2 + ^2)^(1 + \x\r^-i < (1 + |A| + y2 + n'')'^{l + |A|)-^ 

Besides, by the definition of w^ (see (1.2.15)) we have 

d\u^ = {is + 2i ■ z - \z\'^) u^ for A > 0, 

dxui = {is-2i-^+ |zp) u^ for A < 0. 
Therefore, using Lemma A. 2 and using formulas (1.2.27), we have for A > 



isui 



dxut- Yl (-^Qj[Q^,^^t] + ^[QjAQ^,ut]]) 



^<j<d 
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Similarly, for A < 0, we have 

■^ -- dxui+ Y. i-'Q^^[Qlui] + ^ Q^, [Q 



ISU„ 



l<j<d 



1 -Ar^A >. . 1 r^A r7=f^ Ai 



J f ^w\ 



dxni + ^ E {\<^Q]]Q] + Q][<^Q]])- 



^<j<d 



Setting Ax{w) = Jlop^{a{w,X))Jx and using tT{AB) = tT{BA) we get 

tr (isu^Ax{w)^ = tT (^dxu^ ^aM) -^ ^ *^ (^^ [^J ' Mw)QJ + Q^Ax{w) 



l<j<d 



tT(isu^Ax{w)] = tr(dxu^Ax{w)]+—^ ^ tr (u^ Q^ , Ax{w)Qj + QjAx{w 



i<j<d 



ifA>0, 



ifA<0. 



By (1.2.37), using the fact that op"'{rjj) = —id^. and op^{^j) = ^j, along with formula (2.3.3) 
recalled page 41, we get for A > 0, 

Q^ , Axiw)Q^ + Q^Axiw)] = XJ{ [d^^ + ^„op^{aiw, A)(%, - 0) + (% - ^,>p"(a)] Jx 



2\Jlop^ I -2da+ Y, {Vj + iCj)iid^,a-d^^a) ) Ja. 

l<j<d 



Similarly, for A < 0, 



N^A ^A 



Q^ , Ax{w)Q] + Q]Ax{w) 



-IXJlop"" I -2da+ Y, (r/j+iO)(i%a-a^^-a) ) Ja. 

l<j<d 



Set 

(A.2.6) 



-»;,aj, 



^(^y, A, y, r/) = -2(ia + Y iVj + iij){id^jO, - d^ 

^<j<d 

we have obtained 

(A.2.7) VA / 0, tr (isu^Ax{w)^ = tr (^dxu^Ax{w)^ - ^tr (u^J*xop'"{b)Jx) . 

We focus now on the term dxu^Ax{w). We have 

tr (^dxu^Axiw)'^ = dx (tr (u^Ax{w)'^) - tr (u^dxAx{w)'^ . 
This implies, by integration by parts, that 

tr(aA^^AA(^)) |A|'^(iA = -y^tr(n^^A(^)) |A|'^dA-ytr(n^aA^A(w')) lAI'^dA. 
We claim that 



(A.2.8) dxAxH = Jlop^ I aAa(A, w) + ^ Y (^i\« " ^i%«) 1 •^^• 

i-<j<d 
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This yields, with (A.2.6) and (A. 2. 7), 
/tr (i§u^Ax{w)'^ \X\'^dX = j tTUiJlop^ (-tj -dxa-^ J^ (^.^a - 7]jdi:M) 

+^" - ^ Yl (^i + ^0)(%« - ^'y.a) ) Jx) \\\'' dX 
\ i<i<d / 



^ tr I ulJlop"" f -9Aa + ;^ > J (r?,5,^ + ^A> I <^A | IM^dX. 
We then set 



5 = -dxa + 1^ Yl (^i^''. + ^i% 



l<i<a! 

and observe that a simple computation implies (A. 2. 4). Therefore, in order to finish the proof 
of the lemma, it only remains to prove (A. 2. 8). 

Let us now prove (A. 2. 8). We have, recalling that A\{w) = J^op^{a{w,X))Jx and using the 
fact that dx{JxJ*x) = 0, 

dxAxiw) = Jlop"" {dxa{X, w)) Jx + Jl [op'"{a{w, A)) , {dxJx)rx] Jx- 

Besides, for a G N , we have JxFa,\ = ^a whence 

{dxJx)Fa,x = -Jx{dxFa,x)- 

Let us recah that for ( G &, Fc,,x{0 = (y^)'"'^ so that dxFa,x = !^^a,A- We get 

Va! ' 2A 



Va G N^ {dxJx)rxha = {dxJx)Fa,x = --^h^ = -^{f - A^ - d)hc 



Therefore, 



We then obtain 



(9AJA)JA = -^(e'-A^) + Ald. 



[op-{a),{dxJx)rx] = -^[op-(a),e'-A^] 



I 



Y 0P"'(^i^r,,«-^i%a) 



2A ^^ " '--j-'ij- 'j-^j 

l<j<d 

which proves the lemma. D 



APPENDIX B: WEYL-HORMANDER SYMBOLIC 
CALCULUS ON THE HEISENBERG GROUP 



In this appendix, we discuss results of Weyl-Hormander calculus associated to the Harmonic 
Oscillator, and in particular we prove Propositions 1.21, 1.23 and 1.18 stated in the Introduc- 
tion. 



B.l. A-dependent metrics 

This section is devoted to the proof of Proposition 1.21 stated page 28. We therefore consider 
the A-dependent metric and weight 

VA/0,VeGM^^ 9i'\d^,dv)'=']^^f^^^^ and ^^(6) t^ (l + |A|(1 + e^))^/^ 

and we aim at proving that the structural constants, in the sense of Definition 1.12 page 23, 
may be chosen uniformly of A; the second point stated in Proposition 1.21 is obvious to check. 

It turns out that the proofs for the metric and for the weight are identical, so let us concentrate 
on the metric from now on, for which we need to prove the uncertainty principle, as well as 
the fact that the metric is slow and temperate. 

The uncertainty principle is very easy to prove, since of course 

9e id^^df]) = {dS, +dr] ) 

and 

|A|<i + |A|(i + e2). 

The slowness property is also not so difficult to obtain. We notice indeed that, with obvious 
notation. 



i + |A|(i + e2) 

and we want to prove that there is a constant C, independent of A, such that if 

|A||e-Gf <c"'(i + |A|(i + e2)), 
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then 

i + |A|(i + 02) i + |A|(i + e^2) ^ 
i + |A|(i + e'2)^ i + |A|(i + G2) -^- 

To do so, we shall decompose the phase space M into regions in terms of the respective sizes 
of 92 and e'2. In the following we shah write G^ <c 6'^ if, say 9^ < 10 9'^, and |9| ~ |9'| 

will mean that, say —9^ < 9'^ < 10 9^ 

' -^ 10 - 

Suppose first that 9^ <^ 9'^. Then of course 

l + |A|(l + 92)< l + |A|(l + 9'2), 
so we assume that C > 1. Moreover, using the obvious algebraic inequality 

e'2 <2|9-9'|2 + 29^ 
we deduce that 

|A|9'2 < 2|A||9 - 9'p + 2|A|92 < (2C^^ + 2)(1 + |A|(1 + 9^)) 
which leads immediately to the result as soon as 

2C"^ + 2 < C. 

Conversely if 9^ ^ 9'^, then it is clear that 

l + |A|(l + 9'2)<l + |A|(l + 92). 
Along the same lines as above we get 

|A|92 < 2\X\e'^ + 2C'\l + \X\{l + e^)) 

< (2C"^ + 2)(l + |A|(l + 92)), 

which choosing C large enough (independently of A) gives the result. Since the estimate is ob- 
vious when |9| ~ |9'|, the slowness property is proved, with a structural constant independent 
of A. 

Finally let us prove that the metric is tempered, with uniform structural constants. This is 
again slightly more technical. We need to find a uniform constant C such that 

l + |A|(l + 9^) \^^^ / l + |A|(l + 9^) \ 

l + |A|(l + 9-)j ^^V'+ W |0-0|j- 

Notice that in the case when |9| ^ |9'|, then the estimate is obvious because the left-hand 
side is bounded by a uniform constant. Let us now deal with the two other types of cases, 
namely |9|2 < |9'|2, and |9'|2 < |9|2. 

Let us start with the case when the left-hand side has power -|-1. If |9p ^ |0'P) then the left- 
hand side is uniformly bounded so the result follows with C > 1. Conversely if |9'p <^ |0p; 
then we notice that if < |A| < 1, then the left-hand side is bounded by 2 -|- 9^ while the 
right-hand side is larger than C(l -|- c9^(l -|- 9^)) so the estimate is true. On the other hand 
when |A| > 1 then factorizing the left-hand side by A and using the fact that \X\~^ < 1 
and (|A|-i + 1 + 9'2)-i < (1 + Q'^)'^ we get 

l±Mi±^<2l±^<2(l + 9^) 
l + |A|(i + 9'2) -^ + 9'2 ^^1 + ^ )■ 
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Again, since in that case |0 — 0'p > cQ^, it conies 

i + |A|(i + e2) 



1 + 



|A| 



e-e'n > (i + ce2(i + e2)) 



which inipUes easily the resuh. 



Now let us deal with the case when the left-hand side has power -1. The arguments are 
similar. Indeed if |0'P <C |©P then the left-hand side is uniformly bounded so the result 
follows. Conversely if |0p <C |©'P then when < |A| < 1 we use the fact that the left-hand 
side is bounded by 2-|-0'^ whereas the right-hand side is larger than c(l-|-G'^). When |A| > 1 
then as above we write 

i + |A|(i + 9-^) , 1 + e-^ 

l + |A|(i + G2) -1 + 62 ^Ai + U ), 
and the result follows again from the fact that since in that case |0 — ©'^ > c©'^, one has 

i + |A|(i + e2), 



1 + 



|A| 
The proposition is proved. 



e - e'p > (1 + ce'2(i + e^)) > (i + c© 



^'2\ 



n 



B.2. A-dependent symbols 



In this subsection we shall prove Proposition 1.23 stated page 29, giving an equivalent defini- 
tion of symbols in terms of the scaling function a. 



For any multi-index /? satisfying |/3| < n, we have 



^fj,,^)(f^(a)(ti',A,C,r/)) 



1^1 ' [^Lri)V (^«iA,sgn(A) 



e 



7] 



|A|VIA| 



(B.2.1) 






Besides, there exists a constant C > such that for A G 



{XdxricT{a){w,X,tv)) 



< 



c 



[{Xdx)''a) (u;,A,sgn(A) 



e 



V 



|A|VIA| 



+ ^ E 



\l3\=k 



\M~He+vr^ 



d' 



{?,'?)"] ^'A>sgn(A) 



e 



< C||a|U. M(i + |A|+e' + ^ 



2\t 



r] 



|A|VIA| 



The converse inequalities come easily: one has a G S^d{fi) if and only if for all fc, n G N, 
there exists a constant Cn^k such that for any /3 G N satisfying |/3| < n and for all {w, A, y, t]) 



belonging to M"' X M2<i+\ 



fB.2.2) 



\kr.l3 



{Xd,rd';^^^^{a{a)) 



CPiM"^) 
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We then remark that if |A| < 1, the smoothness of cr{a) yields that (B.2.1) imphes on the 
compact {|A| < 1}, 



Besides, for |A| > 1, (B.2.2) gives 



M-I;3| 
2 



^kril^ 






^A^L) (-(")) c.(H^) - ^"'^ (' + '^' + ^ + "^'^ ^' + '^'^ 



any integer p £ {0, • • • ,k}. This ends the proof of the proposition. D 



Conversely, if (1.4.2) holds, then one gets (B.2.2) since the function — — ^^ , is bounded for 



B.3. Symbols of functions of the harmonic oscillator 

In this section we aim at proving that an operator i?(^^ — A^) given as a function of the 
harmonic oscillator by functional calculus is a pseudodifferential operator, and at computing 
its (formal) symbol. We refer to Proposition 1.18 stated page 27 for a precise statement. 
Taking the inverse Fourier transform, we have by functional calculus 



R{f - A.) = — [ e^"(«'-^«)i?(r)dr. 
2vr Jr 



We then use Mehler's formula as in [32], which gives (1.3.14) after an obvious change of 
variables. 

We therefore have formally 

(B.3.1) r{x) = ^ f (cosr)-V^*e"^^")i2(y)cird2/, 

and let us now prove that the function r is well defined outside x = 0, and that it satisfies the 
symbol estimates of the class S{m^,g). After that proof we shall actually give a more precise 
description of r near x = (see Lemma B.2 page 117). 

If X G M* is fixed, then (B.3.1) defines r(x) as an oscillatory integral. Indeed the change of 
variables u = tgr performed on each interval of the form ] — f + kir, fcvr + ^ [ for A; G Z turns 



the integral into a series of oscillatory integrals: we have r(x) = > ri^-^x) with 



feez 



ri,{x) =^ — (-l)^'^ /'e^^"^(A;7r + Arctgn)(l + n2)|-i(iu 

= !(_:)"/ e-'.*»---'-«(!,)(l+u=)i->..,d,. 
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We remark that these integrals have a non stationary phase for \k\ > 1. This fact wih be used 
below. We also observe that for Nq G N, by integrations by parts, 

= — M^(-l)'"^ / e^^"-^^'="(l + u2)2-i5;fo (i?(y)e-^^^'-=*e") dudy 

= — ^~^l ° (-l)^'^ / e''-'''-'y''''~'y^'^'^''{l + u^)^-^fNo{y,u)dudy 

where fNo{y,u) = e*?'^'''=*s"9^o (i?(y)e-*?'^'''=*s") . The fact that the integrals rfc(x) are well 
defined away from zero and that the series in k converges then comes from the following 
lemma. 

Lemma B.l. — Let f and g be two smooth functions on M such that 

VnGN, 3C7>0, Vn G M, \d''g{u)\ < C{1 + u^)'^ 

o Li — n 

VnGN, 3C>0, VyGM, \d''f{y)\<C{l + y^)^, 
for some /x, z^ G M. Then for any pQ > 0, there exists a constant Cq > such that the function 

Iif,g)ix) =^ / e^^^-^^^^^*s«-^^'=V(y)ff(^)dydn 



X J 



satisfies 



V|x|>po, \Iif,9)ix)\ <Co(l + x2)2. 



Before proving this lemma, let us show how to use it. The function fNoiViu) above writes 
as a sum of terms satisfying the assumptions of the Lemma. Therefore, (1 + \x\)~^k^^rk{x) 
is uniformly bounded in k and |x| > pQ whence the convergence of the series. To prove the 
symbol estimate, we notice that two integrations by parts give 

xr\x) = ix [ {cosT)-'^tgTe'''^^^-'y^R{y)dydT 
= X [ {cosT)-'^'^—e''''^^-'y^R'{y)dydT 
= -i [ {cost)-'^—{1 + {tgrfr^dr (e^^*sr) e-'^^ R' {y)dydT 



I I ^-iyr+ixtgT 

xR 



-iy((cosr)-'^^(l + (tgT)2)-i 



+a. ((cosr)-'^^(l + (tgr)2)-i 



R'{y)dydT. 



This last integral is an oscillatory integral of the same kind as the one defining r{x), and can 
also be studied using Lemma B.l. This allows to obtain the symbol bounds, by iteration of 
the argument to any order of derivatives. 

Now let us prove Lemma B.l. The idea, as is often the case in this paper, is to use a stationary 
phase method. The variable x may be seen as a parameter in the problem, and one notices 
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easily that x may be factorized out of the phase after having the change of variable y = x{l+t). 
Moreover one notices that the phase is stationary at the point t = u = 0, when A; = 0. This 
implies that one should use a dyadic partition of unity centered at that stationary point. One 
furthermore notices that if |tip <C |t|, then the u-derivative of the phase is bounded from 
below, so it is enough to use a du vector field in the integrations by parts. As it produces 
naturally negative powers of t, one can deduce the convergence of the dyadic series. In the 
case |t| < I up however that vector field cannot work since the u-derivative of the phase may 
vanish. One must then use the whole vector field (in both u and t directions), and gaining 
negative powers of u turns out to be more difficult. 

So let us start by performing the change of variables y = x{l + 1) so that I{f,g) writes 
/(/, g){x) = X e-^^'^" / e^^*'=("'*)/(x(l + t))g{u)dtdu, 

JrxR 

where 

^k{u, t) = {u — Arctgn) — t (Arctgn + /cvr) . 
The phase $fc satisfies 

V? — t 
dt^k = -Arctgn - kir and du^k = r;—, — n • 

1 + n^ 

When k ^ 0, ^k is therefore non stationary, whereas when k = 0, ^q has a non-degenerate 
stationary point in (0, 0). Therefore, we introduce a partition of unity on the real line: 

VzGM, 1= Yl ^p(^) 
peNu{-i} 

with C-i compactly supported in a ball and for p £ N, Cp{z) = C{2^'Pz) where C is compactly 
supported in a ring. We get 

/(/,5) = e— ^- Y, ipAf^a) 

p,gGNU{-l} 
with 

IpM,9){x) =^x [ e^^*'=("'*)Cp(t)C,(n)/(x(l + t))g{u)dtdu. 

JRxR 

These integrals are now well-defined because they are integrals of smooth compactly supported 
functions. We have to prove the convergence of the series in p and q. As explained above, 
we shall argue differently whether |np <C \t\ or not. So let us fix a parameter e < 1/3, to 
be chosen appropriately below, and let us separate the study into two subcases, depending 
whether 2^ > 2^5(1+^) (which corresponds to the case \u\^ < |t|) or 2^ < 229(1+^). 



Let us suppose p > 2q{l + e). We observe that in that case one has n^ — t / on the support 
of Cp(^)C(?('w)) so as explained above one can use integrations by parts with the vector field 

(B.3.2) £'M[^^^^,)-^^u. 

Of course one has 

i (exp (ix^k)) = X exp {ix^^k) ■ 
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Performing N integrations by parts for A^ G N, we find 

Ip,,(/,5)(x) = x'-^ f e^-^^ilYifixil + tMuK.itKgiu^dtdu. 

We then write 

£* = -£ + ic 

where 

^ def dl^k ^ _2 u{l + t) {l + uY ^ _2 ,^(1 + t) 



(du^k? (1 + n2)2 (^2 - i)2 (^2 - t)2 

Let us analyze the properties of i*. If {u,t) belongs to the support of (q{u)(p(t), we have for 
p> 2q{l + e) 

C2 2P < Clip - Ci229 < |t - u^l < Ci 2^(1 + 229-P) < C2 2P. 

We infer that 

Using q < —, -) we have 



2(1 + e) 



I 1 \ £ e p 

-p+2q< -1 + — — p = --r^P < --r-— 7,-^1 
1 + e I 1 + e l + e2 



so that there exists some (5 > such that on the integration domain 

(B.3.3) \du^k\~^ + \c\ < C2-'5(P+«). 

By induction one actually also can prove that 

(B.3.4) VmGN, |a™c| < C2-'"^(p+«). 

Now we shall use the Leibniz formula in order to evaluate {(!*)^{f{x{l + t))g{u)C,p{t)C,q{u] 
This generates three typical terms: 

(1) =' (9.$fc)-^9^(C,(nMn))/(x(l + t))Cp(t), 

(2) '^M c''Qq{u)g{u)f{x{l + t))Qp{t) and 

(3) # Y. c"a™c(9A)-^-'"5S(C,(nMn))/(x(l + t))Cp(t). 

n+m+p=N 
n,m,p<N 

Due to the estimates (B.3.3) and (B.3.4), it turns out that the term (3) is an intermediate 
case between (1) and (2) so we shall only study the two first types of terms here. 

We observe that defining ("(n) = sup |C^"'('u)| and using the symbol estimate on g, we have 

n<N 

\d^iCgiu)giu))\<Cil + \u\r2-'i%iu) 
so by (B.3.3) and using the symbol estimate on / we obtain that 

1(1)1 < c 2-«^2-'^^(p+'?) (1 + \u\r (1 + \x{i + t)\r Cp{t)u^). 

Using Peetre's inequality 

(1 + \x{i + t)\r <c{i + \x\r{i + |xt|)i'^i, 
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we therefore conclude that (recaUing that x is away from zero) 

(B.3.5) x^-^ I |(l)|dtdu<C|x|^|x|i-^+l^l2-'^^(P+«)+«^+Pl^l+P+'?-5^. 



A similar argument allows to deal with the second term. Indeed we have 
(B.3.6) 1(2)1 < C 2-^^(P+«) (1 + \u\r (1 + |x(l + t)\r Cpiz)Un) 

By integration we obtain 

"^-^ ' \{2)\ dudz < C\x\^'\x\^-^+\^'\2~^^^P+'l^+'^''+P\^'\+P+'l. 



Therefore, choosing N > 6 ^Max(z/ + 1, |;u| + 1), we obtain the convergence in p and q of the 
series, uniformly with respect to k and x in the set {|x| > a}, with the expected bound \x\^. 

Let us now suppose p < 2q{l + e). The objective is now to gain negative powers of 2'^. The 
difficulty then comes from the fact that du^k niay vanish. We observe that for this range 
of indexes p and q, we have g > so that the integral is supported far from u = 0. For 
this reason, if x is a smooth radial cut-off function, compactly supported in the unit ball and 
identically equal to one near zero, then the function 

,2^ 



{t,u) ^x 



t-u' 



is a smooth function for any k € M. The value of k will be chosen later. 
We now cut Ip^q into two parts, writing Ip^q = Ipq + !„„ with 

f{x{l + t))g{u)Cp{t)Cq{u)dtdu. 



jl , N def 



e«*Ml-x''"''^ 



Let us study first /^ g. We notice that on the domain of integration, one has \t — n^| > C|n|'', 
so on the support of C,q we have |t — ti^| > (72'"?. It follows that 

,2 

> (72(''~2)<? 



t-n^ 



which leads to 

(B.3.7) |a„$fcr^ <C2-('^~2)<?_ 

Therefore the u-derivative of the phase does not vanish in this case, so we may use again the 
vector field i defined in (B.3.2). The coefficients of that vector field are now of order 2^^'^"'^''^ 
and one has 

uo+l 2ni_tz)<c2--.«.<'«). 

(m2 _ t)2 - 22'"? 

We therefore choose k such that 2k > 3(1 + e). By induction, one sees that 
(B.3.9) Vm G N, |9^c| < C'2-™«-2«g+3g(i+e)_ 

We can write 



(B.3.8) 



-'p.gV'^J -^ 



\~N 



{£* 



1-X 



t-u' 



9{u)Cq{u) 



f{x{l+t))Cp{t)dtdu. 
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*\N 



Compared to the case studied above, the terms generated by {£*) are of the form 



(10 

(2') 
(3') 



2 



t-u' 



C,{u)g{u) f{x{l + t))Cp{t), 



def AT / , f t-U 

- C I 1-x 



li" 



Cgiu)giu)fix{l+t))Cp{t) and 



def 



Y^ c"Cca$,)-^-'"9s((l-x(^) 



n+m+p=N 
n,m,p<N 



Cgiu)giu)]fixil + t))Cpit). 



As in the previous case and due to (B.3.8) and (B.3.9), it is enough to control the two first 
terms. 

Thanks to (B.3.8), the term (2') is bounded exactly as before, assuming that 2k > 3(1 + e). 
Now let us study (1'). As above we apply the Leibniz formula, which compared to the 
previous case generates derivatives of x- However they produce negative powers of 2*^, as one 
differentiation gives the term 



X 



t-u^ 



,K—1 



K I t — U 



which may easily be bounded by 



X 



t-u' 



w 



K-1 



Kit 
U 



U 



< C(2"''(''-^) + 2"«) < C2~«(''~^) 



assuming moreover that k < 2, which is possible since e < 1/3. Similarly m derivatives 
produce 2~'?(''~^)™, and it is easy to conclude that (1') may be dealt with as above, hence can 
also be summed over q and p (recalling that p < 2q{l + e), so that decay in 2'^ is enough to 
conclude to both summations). 

Now let us study 7^^, which is more challenging as the u-derivative of the phase can now 
vanish. We therefore need to use the full vector field 



which satisfies 



Let us check that this vector field is well defined: on the one hand if k 
P 



assumption q > 



Lk (exp (ix^k)) = X exp {ix^k) ■ 

0, then the 
implies g' > 0, thus u is supported on a ring and |Arctgn| > cq 



2(1 + e 

on the support of C<j(^)- Oi^ th^ other hand one notices that |V<l>fe| > (Arctgu + /cvr) > Cg 
for A; > 1. It follows that there is a universal constant such that for any A; > and on the 
domain of integration, the following bound holds: 



Moreover we have 



L 



V^fcl-i < C. 
—Lk + Ck 
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with 



Cfc 



def 



-V-dV^fcl-^V^fc) 

1 



dl^i 



|V$fc|2 



du^i 



V$A 



{dl^A^u + 92,$,5t$fc) - 2^^9i$fca,$ 



V$fc|4 *"" 



{[pu^kYdl^^ + 2a2„$fc9i$fc9„$fc) 



In view of 

we have 
(B.3.10) 



a2$, = 2^^i±ST and dl,^. 



(1+^2)2 "^^^ ^«*^'= 1+^2 



|cfc| < ClV^fcl"^ (2^-39 + 2-29) < c7 2-(^-2^)^. 
An easy induction left to the reader actuahy shows that 
(B.3.11) VqGN^, |a(°„_,)Cfe| <C2-(l°l+i)(^-2£)g_ 

We then write for A^ € N 



r2 _ ^l-Af / Jx^i: 

P Q / ^ 



{Lk 



*\N 



X 



t- u^ 



f{x{l + t))g{u)Cp{t)Uu) 



dtdu. 



Now we need to understand the action of the operator (L|,)^. The main difficulty will come 
from the i-derivative, which does not produce directly negative powers of u. However we 
notice that on the domain of integration, one has 

t = u^ + Zu'' with 1^1 < 1, 

so since k has been chosen smaller than 2, there is a constant c > such that 

\t\ > |up- \Zu'^\ > c\u\^. 

This means that the domain of summation is actually essentially restricted to 

(B.3.12) 2q<p<2q{l + e) 

so it suffices to gain negative powers of t to conclude to convergence. 

The constant term Ck has already been computed and estimated in (B.3.10)-(B.3.11). More- 
over following similar computations to above, for any given function F one may write that 



\{LirF\ < C sup |af„,,)F| + |4V| 

\a\=N 



(B.3.13) 



+ C Yl \diu,t)Ck\\ckr\dl,^F\. 



\a+l3\+m=N 
\a\,\(3\,m<N 



The first step of the analysis therefore consists in estimating, for any |/3| < A^, the quantity 



m+m'=|/3| 



t-u' 



Cg{u)g{u)Cp{t)f{x{l + t)) 
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I t- U^ 

Let us start by studying the action of the ^-differentiations on x I 1 5'('")Cg(^)- Oii the 

one hand one has, using the symbol estimate on g, 

where Ccj('w) = sup \d^Cq{u)\. This can in turn be written 

m<N 



(B.3.14) 



|5r(C,(n)5(n))| < C2''(--™)C(2-%) 



where (^ is a nonnegative, smooth compactly supported function such that C, = 1 on the 
support of C- 

On the other hand, as we have seen above one has the following identity: 



du [x 



t-u' 



X 



, ft-u' 



K I t — U^ 



W^ J J \ W^ 

SO we get on the support of G the following estimate: 



u'^ ^ u \ w^ 



du [X 



t-u' 



< C(2"«(''"^) + 2"") < 02'"^'^-^ 



as soon as k < 2. Actually by induction one also has 



(B.3.15) 



Vm G N, 



CU 



t-u' 



li" 



<C2 



-q{K—l)m 



The Leibniz formula yields for any m < N 

,2 

m'<m 



du[x[ *—f ] Un)9{n] 



m 
m! 



d:' {C,{u)g{n)) 



X 



t-u' 



whence by (B.3.14) and (B.3.15) the estimate 



(B.3.16) 



^" ( ^ ( ^ ) C.(-)5(-) 



< C2«(''"(''"^)™)C(2"''n). 



Now let us consider t-derivatives. The Leibniz formula again implies that for any m! < N 



dT [x 



t-u^ 



Cp{t)f{x{l + t))] =x 



t-u^ 



li" 



ar Cp(t)/(x(i + t)) 



(B.3.17) 



+ E 

0<n'<m' 



'i ^"' ^ ^ 



a,"'""' C,(t)/(i(i + i)) 



For the second term in the right-hand side of (B.3.17), one uses the fact that on the support 
of C<j, one has the estimate 



^r [x 



t-u' 



1 



X 



in') 



t-u' 



n" 



(B.3.18) 



< C2 



-qn K 
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In order to also control the action of multiple differentiations in the t and u directions 



oiduix 



t-u^ 



M" 



it is useful to notice that 



du [x 



t-u' 



u" 



w 



2 i(t-u 



ti" 



K^ I t — U^ 



+ -X 



u \ w 



where x is a smooth compactly supported function. So t-derivatives oi du[x 



t-u^ 



are 



controled exactly like dt I x 



t-u^ 



Estimate (B.3.18) gives, along with the symbol estimate satisfied by /, for any n' < m' , 



d? (X 



t-u' 



u" 



dr-''Upit)fixii+t)) 



< C'2~«"'''2-P(™'-"')(1 + |x(l + t)\)^ C(2"^t), 



where again (" is a nonnegative, smooth compactly supported function such that C = 1 on the 
support of C- 

Peetre's inequality allows finally to write that for any m! < N and any < n' < ttt,', 



92 [x 



t-u' 



&: 



Cp(t)/(x(l + t)) 



<^2-9"'«2-P(™'-"')(l+|x|)'^(l+|xt|)I^IC(2~Pt), 



hence for any m' < N , 'we get 



E ( r: ]dt'(x"-'' 



n 



pan' —n' 



Cp(t)/(x(l+t)) 



-p(ra' —n') 



fd<n'<m' 

<C(l + |x|)^(l + |zt|)I^IC(2-*'t) E 2-«"''^2- 

0<n'<m' 

<C{l + \x\Y'^\^'\'C,{2~'Pt)2P\^'\ V 2~«"''"2~2«(™'-"') 

0<n'<m' 

(B.3.19) < C(l + |x|)^+l'^IC(2"*'t)2Pl'^l2-''™''^ 

thanks to (B.3.12). Finally let us deal with the first term on the right-hand side of (B.3.17). 
We write, using Peetre's inequality again, that 



(B.3.20) 



X 



t-u^ 



dr CAt)fi<l + t)) 



<C(l + |x|)^+l''IC(2-Pt)2 



-p{m'-\n\) 



and plugging (B.3.19) and (B.3.20) into (B.3.17) therefore gives 



t-u" 



^^ U -:;-KpW/(^(i + *)) 



< C(l + |x|)^+I^IC(2~Pt)2Pl^l(2~«™''' + 2 



-pm 



Putting the above estimate together with (B.3.16) allows to obtain that 
E ^udf (x (^) Un)g{u)C,{t)f{x{l + t)) 

m+m' = \l3\ ^ ^ ^ 

< C(l + |x|)^+l^l C(2"^t)C(2"''n)2Pl^l E 2'^^^-^"-^^"'^ (2"'?'"''' + 2-^"'), 

m+m' = |/3| 
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hence, bounding p by 2q{l + e), we get 

m+m' = \/3\ V V / / 

(B.3.21) < C29(''+2lH{i+e))^(2-Pt)((2-%) Y^ 2-9('^-i)™(2~«™''' + 2-^«"') 

m+Tn'=\l3\ 

~ def 
in light of (B.3.12). Finally let us go back to (B.3.13). Denoting fx = 2|;u|(l + e) and choosing 

F = X (^^) /(^(l + t))giu)Cpit)Cgiu), 
one has the following estimate: 



y^ y^ 2-{\a\+l){l-2e)q-n{l-2e)q-q(K-l)m(^2--<im-"i)i^ ^2 



|a|+|/3|+n=Af m<|/3| 
|Q|,|/3|,n<Ar 

I c)—N{l—2e)q _i_ \ ^ n~q(K—l)m/iy—qm'K , iy—2q'm'- 

m+m' =N 

using the above estimate along with (B.3.11) and (B.3.21). 

This ends the proof of the lemma. D 

Now for the sake of completeness, let us study the singularity at of the function r. The 
result we shall prove is the following. 

Lemma B.2. — Let R be a function in 5(M). Then x i— )■ r{x) is not smooth in and 
for d > 1 

^^~'^'\Y.{-irR{2n + d) 

.nez 



x'^ V(x) ~ 



vr 



+ 00 

V " cosvdv. 





Note that the integral in v should be understood in the distributional sense (as an oscillatory 
integral) . 

Proof. — The proof of that lemma relies on another expression for r which comes from Poisson 
formula: we recall that 

VV'G5(M), 7r^^(A;7r) = ^V(2n). 
kez nez 

We use this latter equation for the function ipg : x >-^ e~**^i?(x + d) where s is a real-valued 
parameter. Then we have 

V;,(^) = e*'^«+^)% + s) 
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and we obtain 






-ids 



TT 

nez 

—ids 



TT 

jiGZ 



nez 



which yields 

(B.3.22) r(x) = ^ /" e^^«e-^'^^''=*s"(l + t/^)'^/^-! | ^ e"2™Arctg«^(2n + d) | dn. 

VneZ / 

Equation (B.3.22) allows to consider r as the inverse Fourier transform of the function 

d:u^ 2e-^"'^''^*s"(l + u^/^-^a (2Arctgu) 

with 

VtGM, a(t) = ^e-™*i?(2n + d). 
nez 
The function t i— t- a(t) is 27r-periodic, and smooth. Therefore, the function u i— )■ a (2Arctgii) 
is smooth. Now it is well-known (see for instance [1], page 67) that if a is a classical symbol, 
the map x i— )■ J e'''^^a{u)du is smooth near zero if and only if a G 5(IR). In view of this result, 
let us study the behavior at infinity of the function a (which is obviously a symbol in the 
classical sense). We remark that 

\a{u)\ ~ Inl'^^^ I > \-iy'R{2n + d) ] as |n| -^ +oo 



^(-l)"i?(2n + d) I as 



so d{u) is not in 5(]R), therefore r is not smooth in 0. 

In order to analyze more precisely the singularity at 0, we perform the change of variable 
f = nx in (B.3.22) and let x go to 0. We obtain 

1 /• / 2 \ 1^/2—1 

r(x) = — / e^M 1 + ^ ) e-*'^^''"*s^a ('2Arctg-') dv 

vrx J \ x^/ V x/ 

= _L_ f e-(x2 + z;2)rf/2-le-.rfArctgH^ (^^rctg^) dv 

When X goes to 0+, we need to distinguish whether u > or u < 0. We get 

a(7r)e-*'^i /'+°^ ^_2 ,^^ a(-7r)e^'*f f^ ^_2 ,^_^ 



vrx'^ ^ Jo ^^'^ "^ .y-oo 



afvr) / t;"'-2e^^dt; + a(-7r) / t;'^-2e-^^cit; 



oo 



TTX'^ ^ L ^0 

The fact that 

a(7r) = ^ e^™^i?(2n + d) and a(-7r) = ^ e^"'^i?(2n + d) 

neZ neZ 

concludes the proof. D 
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B.4. The symbol of Littlewood-Paley operators on the Heisenberg group 

Applying Proposition 1.18 to A-dependent functions of the harmonic oscillator, we obtain the 
(generalized) symbol of our Littlewood-Paley operators, as stated in the next proposition. 

Proposition B.3. — The operators Ap (resp. Sp) are generalized pseudodifferental operators 
in the sense of Remark 1.14- If we denote by $p(A,^,ry) (resp. ^p(A,^,r/)j their generalized 
symbols, there exist two functions <j){X, •) and ip{X, •) in S'{M.), smooth outside {0} and rapidly 
decreasing at infinity such that for A / 0, 

<l>,(A,^,7?)=</.(2-2P|A|,2-2P|A|(^2 + r,2)) and ^p{X,^,v) = H2-^nX\,2-^nX\{e + v'))- 

More precisely one has 

(B.4.1) VA / 0,Vp / 0, (t){X,p) = ^^ /'(cosT)-'^e^(-^-+^ts-)i?*(4r)dT(ir, 

and a similar formula for ijj. 



Remark B.4- — The stationary phase theorem implies that the function (p{X, p) of (B.^-l) 
has an asymptotic expansion in powers of X as X goes to 0, the first term of which is R*{p)- 
Besides, the change of variables t i— )■ — r gives that (^{—X, p) = (/>(A,/9). Therefore, the function 

( ^ ri \ 

(y,r?)^$p A,sgn(A)- ' 



is equal to (/)(2^^p|A|, 2^^p(^^ + ry^)) and is smooth close to X = 0. 

Proof. — Recall that as defined in Definition 4.3, 

P{Apf){X) = P{f){X)R*{2-'PD^) = P{f){X)JlR*{2-^P4\X\{-A^ + e))Jx- 

If X is a smooth cut-off function compactly supported on R and such that xW = 1 for | A| < 4 
and xl-^) = for |A| > 5, then 

PiApf)iX) = Pif){X)JlR*{2-''H\X\i-A^+e))xi2-^PX),h. 

It will be important in the following to notice that for fixed p, we are only concerned with 
bounded frequencies A. 

We now apply Proposition 1.18 and write 

R*i2-^H\X\i-A^ + e)) = op^i%{X,^,7^)) 
with 

(B.4.2) $p(A,e,r?) = — f (cosr)-'='e^(«'+''')*s^-''^)i?*(2-2p+2|A|r)drdr. 

2t^ JrxM. 

For A / 0, a change of variable shows that $p(A,^,r/) = 0(2"^p|A|, 2"^*'|A|(^^ + ??^)) as stated 
in Proposition B.3. 

Let us prove now that ^p satisfies symbol estimates of order p for any ^ G M. Actually 
due to the comment above, it is enough to prove that result for the function (A, ^, rj) i— t- 
$p(A,i^,r/)x(2~^^A). It is moreover enough to prove it for p = 0. 
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We first observe that by Proposition 1.18, <J>o A, sgn(A)^^=, = (^(| A|, ^^ + rf) is well 



defined for A 7^ and is a generalized symbol in S{l,g) for any A. Besides, Remark B.4 gives 
that $0 has the required regularity close to A = 0, and as noted above one can also restrict 
our attention to a compact set in A. All those observations imply that to prove the result, 
it is enough due to Proposition 1.21 to prove the following estimate: for any compact set K 

of M*, 
(B.4.3) 



Vfc,nGN, 3Cfe,„>0, VpGR\{0}, VA G K, {I + p^)^ {Xdxf dy{\, p) 



<C, 



k,n- 



We point out that by Proposition 1.18, we already now that this estimate is true for A fixed 
in M*. Moreover since A belongs to a compact set, it is enough to consider the Xdx derivatives 
and to prove that {Xdx)(p{X, p) may be bounded independently of A. 

In fact we shall prove that Xdx(j){X, p) has the same integral form as 0, which by a direct 
induction will allow to conclude the proof of the proposition. So let us compute Xdx(j){X, p). 
We have 

XdxHX,p) = -^ /"(cosT)-'^ei(^*s^-''^) (-Uptgr - rr) - 1 j R*{4:r)drdT, 
so integrating by parts we get 



Xdxcl>{X,p) = - J-y"(cosT)-'^ei(^*s^-'-^) dr ({p^-^-r)R*{4r)] 



r)i?*(4r) +i?*(4r) 



dr dr, 



which gives finally 

AaA0(A,p) = --^ /'(cosr)-'='ei(^*sr-rr) 4^^IL^ZI (^*y(4^) ^^^^_ 
zAvr J L ''" 

One then notices that 

pe^^ 



i(ptgr) ^ A^^ ^ ^^g^)2)-lQ^ (^ei^tS-) , 



which allows to transform the integral into 

Xdx4>{X,p) = -^ licosT)-'^ei^P'^^^''^\R*)'Ur)drdT 
Avr ./ 



>osr)^'^— — -^-— 2Te-^^"9, ei^*s" {R*)'{Ar) dr dr 



_ 1 /(cosr)^'^ , ^^^ ,, ^----^ ^-TPtgr 
ivr y ^ ' t{1 + (tgr)2 

The first integral on the right-hand side is exactly of the same form as 0, so to conclude we 
need to prove that the second integral can also be written in a similar way. Let us perform 
an integration by parts in the r variable. This produces the following identity: 

= /"g-irr+iptgr A _ Q^ ( (^o^^yd ^_J^^__\\ m*yUr) dr dr 

J V V T{i + {tgTy)jj 

which again is of a similar form that can be dealt with as in the proof of Proposition 1.18 
(using Lemma B.l). The proof of Proposition B.3 is complete. D 
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